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Abstract: Applying recursive renormalization group transformations to a scalar field
theory, we obtain an effective quantum gravity theory with an emergent extra dimension,
described by a dual holographic Einstein-Klein-Gordon action. In the large N limit, where
N is the flavor number of the original scalar fields, quantum fluctuations of both dynam-
ical metric and dual scalar fields are suppressed, leading to a classical field theory of the
Einstein-scalar type in (D + 1)-spacetime dimensions. We show that this emergent back-
ground gravity describes the renormalization group flows of coupling functions in the UV
quantum field theory through the extra dimension. More precisely, the IR boundary condi-
tions of the Einstein equations, given by the Gibbons-Hawking-York action, correspond to
the renormalization group β-functions of the quantum field theory, where the infinitesimal
distance in the extra-dimensional space is identified with an energy scale for the renormal-
ization group transformation. Finally, we also show that this dual holographic formulation
describes quantum entanglement in a geometrical way, encoding the transfer of quantum
entanglement from quantum matter to classical gravity in the large N limit. We claim that
this entanglement transfer serves as a microscopic foundation for the emergent holographic
duality description.ar
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1 Introduction
Renormalization group transformations lead us to construct an effective field theory of
renormalized low-energy fluctuations in terms of renormalized interaction vertices, which
result from quantum fluctuations of high-energy modes [1]. This renormalization group
– 1 –
analysis requires that the resulting effective field theory remains invariant in its mathe-
matical form after the renormalization group transformation. As a result, we can extract
out how interaction vertices evolve as a function of the renormalization group energy scale,
referred to as renormalization group β-functions. In addition, we obtain the so-called
Callan-Symanzik equation that a correlation function has to satisfy in the renormalization
group transformation [1]. Solving this renormalization group equation for the correlation
function, we find a renormalized correlation function in terms of transfer momentum and en-
ergy, which encodes anomalous scaling dimensions of renormalized low-energy fluctuations
and renormalization group β-functions of interaction vertices.
One may suggest that the renormalization group energy scale is introduced into an
effective field theory as an extra dimension, manifesting a renormalization group flow of the
effective field theory through the extra dimensional space. Renormalization group flows of
interaction vertices are realized along the extra dimension, serving as an effective curved
spacetime for renormalized low-energy fluctuations in this effective field theory. Renormal-
ization group flows of correlation functions can be described by introducing external source
fields, coupled to conserved currents minimally, into the effective field theory, regarded to
be a dual description in this emergent spacetime with an extra dimension. This novel con-
struction for renormalization group transformations reminds us of the holographic duality
conjecture [2–8].
In this study, we follow this line of thoughts and suggest a microscopic foundation for
the holographic duality conjecture [9–29]. The key idea is the recursive applications of the
renormalization group transformations. We follow the real space renormalization group
scheme developed by Polchinski (although whether one works in real or momentum space
should not matter ultimately). This renormalization group technique was further developed
by Sung-Sik lee, by applying the renormalization group transformations in a recursive way
[31–33]. Resorting to this renormalization group analysis, we show that renormalization
group flows of interaction vertices appear to form an emergent curved spacetime with an
extra dimension. Here, the infinitesimal distance in this extra-dimensional space is identified
with the renormalization group energy scale. To be concrete, we apply the Polchinski
renormalization group technique a la Sung-Sik Lee to a quantum field theory of bosons
with self-interactions in D-spacetime dimensions. We derive an effective dual holographic
description of the Einstein-Klein-Gordon theory in (D+ 1)-spacetime dimensions, given by
a quantum gravity theory of the Einstein-Hilbert action coupled to fluctuating scalar fields
dual to the density of the original bosons. It turns out that quantum fluctuations of both
dynamical metric and dual scalar fields are suppressed in the large N limit, where N is the
number of boson flavors. As a result, we obtain a classical field theory of the Einstein-scalar
type in (D + 1)-spacetime dimensions.
Since the quantum field theory is geometrized and described by a classical field theory, it
is natural to ask how the quantum mechanical nature of the original theory can be encoded
into the classical and geometric description appropriately. We thus study the entanglement
entropy [34–39], which measures the quantum correlation between a given spatial region
and its complement, by utilizing the classical holographic description. As we will show, it
turns out that entanglement is transferred from quantum matter to classical gravity through
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recursive renormalization group transformations. We claim that the entanglement transfer
serves as a microscopic foundation for the holographic duality conjecture.
2 Overview
2.1 Emergent gravity description for a scalar field theory
Since the present study involves a lot of formulae, discussing our main results briefly with
the introduction of the structure of this paper would be helpful for readers to figure out
the physics. We start from an effective field theory of self-interacting bosons, where the
partition function is
Z =
∫
Dφα(x) exp
{
− SUV [φα(x); gBµν(x)]
}
(2.1)
and the effective action is
SUV [φα(x); g
B
µν(x)]
=
∫
dDx
√
gB
{
gµνB (∂µφα)(∂νφα) +m
2φ2α + ξRBφ
2
α +
u
2N
φ2αφ
2
β +
λ
2N
TµνT
µν
}
. (2.2)
Here, φα(x) is a real scalar field with a flavor index α = 1, . . . , N at a D-dimensional
spacetime coordinate x. We point out that the two flavor indices α and β are summed
independently. gµνB with µ & ν = 0, . . . , D−1 is a background metric tensor to describe a D-
dimensional curved spacetime manifold, where the bosonic field lives. gB is the determinant
of the metric tensor, where dDx√gB gives an invariant volume factor. For example, we may
consider the background metric as follows
ds2 = dr2 + r2dθ2 + δijdx
i
⊥dx
j
⊥, g
B
rr = 1, g
B
θθ = r
2, gB⊥ij = δij ,
√
gB = r, (2.3)
which will be useful for evaluation of the entanglement entropy using the replica technique.
Here, i and j run from 2 to D − 1. m denotes the mass of these scalar bosons and u
represents their self-interactions. RB is the Ricci scalar and ξ is a coupling constant between
scalar fields and the background curvature [40]. Finally, the last term describes effective
interactions between energy-momentum tensor currents Tµν , where λ is the corresponding
coupling constant. Although these effective interactions are irrelevant at both Gaussian and
Wilson-Fisher fixed points in the perturbative regime [1], we introduce this term explicitly,
which plays an important role in uplifting the background geometry into full dynamical
degrees of freedom for the emergent bulk geometry [41].
In Section 3, by implementing the Polchinski real-space renormalization group tech-
nique [30] to this effective field theory in a recursive way a la Sung-Sik Lee [31–33], we
obtain a quantum gravity theory coupled to a dual scalar field in one-dimensional higher
spacetime. It is given by the following partition function
Z = ZΛ
∫
Dϕ(x, z)Dgµν(x, z) exp
{
− SUV [gµν(x, 0), ϕ(x, 0)]− SIR[gµν(x, zf ), ϕ(x, zf )]
− SBulk[gµν(x, z), ϕ(x, z)]
}
. (2.4)
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Here, z is the coordinate of an emergent extra dimension, identified with a renormalization
group scale as discussed in the introduction. gµν(x, z) with µ & ν = 0, . . . , D − 1 is an
emergent dynamical metric field, where metric tensors involved with this extra dimension
are gauge-fixed as gDD(x, z) = 1 and gµD(x, z) = 0. ϕ(x, z) is a dual scalar field, conven-
tionally taken to be ϕ(x) = 1N
〈∑N
α=1[φα(x)]
2
〉
in the large N analysis of the quantum
field theory [42], where 〈Oˆ〉 is the expectation value (ensemble average) of the operator Oˆ
at the Gaussian fixed point.
The dynamics of both emergent metric and dual scalar fields are governed by the
following bulk effective action
SBulk[gµν(x, z), ϕ(x, z)] = N
∫ zf
0
dz
∫
dDx
√
g(x, z)
{
+
1
2u
[∂zϕ(x, z)]
2 +
Cϕ
2
gµν(x, z)[∂µϕ(x, z)][∂νϕ(x, z)] + CξR(x, z)[ϕ(x, z)]2
− 1
2λ
(
∂zg
µν(x, z)− 1
2dz
gµν
′
(x, z)
(
∂ν′∂µ′Gxx′ [gµν(x, z), ϕ(x, z)]
)
x′→xg
µ′ν(x, z)
)2
+
1
2κ
(
R(x, z)− 2Λ
)}
. (2.5)
Here, the dynamics of ϕ(x, z) is given by rather a conventional form of the bosonic effective
action on a curved spacetime manifold [40]. Cϕ and Cξ are positive constants, which de-
crease as the mass of the original scalar fields increases. The metric-tensor field is described
essentially by the Einstein-Hilbert type action in a gauge-fixed version, which originates
from quantum fluctuations of matter fields. This emergent Einstein-Hilbert action is anal-
ogous to the notion of induced gravity [43, 44]. We also point out that the dynamics of
the metric along the extra dimensional space is modified through Gxx′ [gµν(x, z), ϕ(x, z)],
which is the Green’s function given by quantum fluctuations of heavy-mass scalar fields in
the renormalization group transformation,
{
− 1√
g(x, z)
∂µ
(√
g(x, z)gµν(x, z)∂ν
)
+
1
2dz
[m2 − iϕ(x, z)]
}
Gxx′ [gµν(x, z), ϕ(x, z)]
=
1√
g(x, z)
δ(D)(x− x′), (2.6)
where dz is an infinitesimal parameter of the renormalization group transformation. The
evolution dynamics of both metric and dual scalar fields are purely determined by this
Green’s function in addition to the emergent local symmetry in the dynamical bulk geom-
etry, i.e., (D + 1)-dimensional diffeomorphism invariance [31–33], although it is explicitly
broken by the gauge fixing. As clearly seen in this expression, quantum fluctuations of both
metric and dual scalar fields are suppressed in the large N limit. As a result, both dynamics
are described by coupled classical equations of motion in the presence of the emergent extra
dimensional space.
Since these coupled equations of motion are second order in derivatives with respect
to the extra dimensional space, we need two boundary conditions. The first boundary
– 4 –
condition is described by an effective UV action in Eq. (2.4), given by,
SUV [gµν(x, 0), ϕ(x, 0)] = N
∫
dDx
√
g(x, 0)
×
{ 1
2u
(
ϕ(x, 0)− iξR(x, 0)
)2 − 1
2λ
(
gµν(x, 0)− gµνB (x)
)2}
. (2.7)
Of course, an actual equation corresponding to this UV boundary condition has to take into
account a linear z derivative term at z = 0, which originates from the above bulk effective
action by the technique of integration-by-parts. For the gravity sector, this boundary term
is referred to as a Gibbons-Hawking-York term [45, 46]. The other boundary condition is
provided by an effective IR action
SIR[gµν(x, zf ), ϕ(x, zf )]
= N
∫
dDx
√
g(x, zf )
{Cfϕ
2
gµν(x, zf )[∂µϕ(x, zf )][∂νϕ(x, zf )] + CfξR(x, zf )[ϕ(x, zf )]2
+
1
2κf
(
R(x, zf )− 2Λf
)}
, (2.8)
where the original scalar fields have been integrated out, using the gradient expansion,
to give this effective action for the dual scalar fields and metric tensors [40, 43, 44] at
z = zf . Here, Cfϕ and Cfξ are positive coefficients, which also decrease as the mass m
increases. The effective gravitational constant κf and the cosmological parameter Λf are
similarly determined from the gradient expansion. Also, actual equations to describe the
IR boundary condition have to be supported by the linear z-derivative term at z = zf . All
these boundary conditions including the Gibbons-Hawking-York term are self-consistently
determined by these effective actions. We show all derivations for this emergent holographic
construction in section 3.
zf in Eqs. (2.5) and (2.8) is an IR cutoff, which may be regarded to be inversely
proportional to temperature in the renormalization group transformation. This implies
that the IR boundary conditions correspond to renormalization group equations. More
precisely, as we discuss in Section 4 and appendix A, the IR boundary equations for metric
tensors correspond to renormalization group β-functions of interaction vertices. On the
other hand, the IR boundary conditions of dual scalar fields does to a dual expression of
the Callan-Symanzik equation.
Finally, we point out that the limit zf → 0 leads to the conventional large N analysis
as follows
SUV [gµν(x, 0), ϕ(x, 0)] + lim
zf→0
SIR[gµν(x, zf ), ϕ(x, zf )] = SUV [g
B
µν(x), ϕ(x)], (2.9)
where the bulk effective action vanishes in the left-hand-side of the equality and the original
scalar fields are integrated out to give an effective action in the large N limit for the right-
hand-side of the equality.
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2.2 Transferring quantum entanglement from matter to geometry
To figure out how the quantum-entanglement structure can be translated into the emergent
classical geometry, we calculate in Section 5, the entanglement entropy [34–39]. Entangle-
ment entropy may be regarded as an entropy of a subsystem, given by the von-Neumann
entropy of the reduced density matrix for the subsystem. Here, we perform a field-theory
calculation of the entanglement entropy, based on the replica technique in a Riemann sur-
face with a conical singularity. It turns out that the entanglement entropy at the IR cutoff
z = zf can be decomposed into SφαEE(zf ) of the matter and SGREE (zf ) of the emergent gravity
as follows
SEE(zf ) = SφαEE(zf ) + SGREE (zf ). (2.10)
Resorting to the heat-kernel method, one finds that the entanglement entropy of free bosons
with the flavor degeneracy N follows an area law, given by [47]
SφαEE(zf ) =
N
6(D − 2)(4pi)D2 −1
A[Σ(zf )]
D−2
, (2.11)
where
A[Σ(zf )] =
∫
Σ(zf )
dD−2x⊥
√
γ(x, zf ) (2.12)
is an area of the subsystem at z = zf .  is a UV cutoff, here corresponding to a microscopic
scale for mapping from a discrete version of the holographic Einstein-Klein-Gordon theory
to the above continuum field theory Eq. (2.5), as we will discuss in detail in Section 3. On
the other hand, the gravity contribution to the entanglement entropy is given by
SGREE (zf ) = N
∫
dD−2x⊥
∫ 2pi
0
dθ
∫ ∞
0
dr
∫ zf
0
dz
√
g(r, x⊥, z)TBulkµν (r, x⊥, z)
∂gµνn (r, x⊥, z)
∂n
∣∣∣
n=1
−N
∫
dD−2x⊥
∫ 2pi
0
dθ
∫ ∞
0
dr
∫ zf
0
dz
√
g(r, x⊥, z)
{ 1
2u
[∂zϕ(r, x⊥, z)]2
+
Cϕ
2
gµν(r, x⊥, z)[∂µϕ(r, x⊥, z)][∂νϕ(r, x⊥, z)] + CξR(r, x⊥, z)[ϕ(r, x⊥, z)]2
− 1
2λ
(
∂zg
µν(r, x⊥, z)− 1
2dz
gµν
′
(r, x⊥, z)
(
∂ν′∂µ′Gxx′ [gµν(r, x⊥, z), ϕ(r, x⊥, z)]
)
x′→xg
µ′ν(r, x⊥, z)
)2
+
1
2κ
(
R(r, x⊥, z)− 2Λ
)}
. (2.13)
Here,
TBulkµν (r, x⊥, z) =
1√
g(r, x⊥, z)
∂
√
g(r, x⊥, z)LBulk[gµν(r, x⊥, z), ϕ(r, x⊥, z)]
∂gµν(r, x⊥, z)
(2.14)
is an energy-momentum tensor of the (D+1)-dimensional Einstein gravity in Eq. (2.5), given
by SBulk[gµν(x, z), ϕ(x, z)] =
∫ zf
0 dz
∫
dDx
√
g(x, z)LBulk[gµν(x, z), ϕ(x, z)]. The quantum
average of
〈
TBulkµν (r, x⊥, z)
〉
with respect to the quantum gravity action is reduced into its
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classical value of T gµν(r, x⊥, z) in the large N limit. n is the replica index to describe the
conical singularity of the geometry [47]. The detailed derivation is given in Section 5.
An important observation is that the entanglement entropy does not depend on the
IR cutoff zf at all. In other words, it is a renormalization-group invariant, regardless of
zf . This originates from that fact that the partition function is a renormalization-group
invariant. As a result, we find the renormalization-group flow equation for the entanglement
entropy, given by
∂zfSEE(zf ) = ∂zfSφαEE(zf ) + ∂zfSGREE (zf ) = 0. (2.15)
This observation leads us to conclude that the entanglement entropy of the matter sector
at UV is transferred into that of the classical bulk gravity part at IR. (While we could not
verify this relation based on explicit calculations for the general formula, we could check it
after the first renormalization group transformation, as discussed in detail in appendix B.)
Recalling that an emergent geometry of gapped quantum fields is essentially a cap geometry,
where the spacetime does not exist beyond some scale in the extra dimension [33, 48, 49],
the entanglement entropy of the matter sector vanishes after the cap geometry in the extra
dimensional space. Our conclusion on the entanglement transfer is consistent with a recent
study [50].
3 Derivation of the holographic Landau-Ginzburg effective field theory
3.1 The first renormalization group transformation in real space a la Polchinski
We start from an effective scalar field theory on aD-dimensional curved spacetime described
by a background metric tensor gµνB . The partition function is given by [40]
Z =
∫
DφαDg
(0)
µνDT
(0)
µν exp
[
−
∫
dDx
√
g(0)
{
gµν(0)(∂µφα)(∂νφα) +m
2φ2α + ξR
(0)φ2α +
u
2N
φ2αφ
2
β −NT (0)µν (gµν(0) − gµνB )
}]
. (3.1)
Here, T (0)µν is a Lagrange multiplier field to impose the constraint gµν(0) = gµνB . For the
time being, we do not consider the effective interaction between energy-momentum tensor
currents, for simplicity in the presentation of derivations. To deal with self-interactions
between bosons, we introduce a dual scalar field ϕ(0) as
Z =
∫
DφαDϕ
(0)Dg(0)µνDT
(0)
µν exp
[
−
∫
dDx
√
g(0)
{
gµν(0)(∂µφα)(∂νφα) +m
2φ2α + ξR
(0)φ2α − iϕ(0)φ2α +
N
2u
ϕ(0)2 −NT (0)µν (gµν(0) − gµνB )
}]
(3.2)
by the Hubbard-Stratonovich transformation.
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To implement the renormalization group transformation for the dynamics of dual scalar
fields, we introduce an auxiliary field η(0) in the following way:
Z =
∫
DφαDϕ
(0)Dη(0)Dg(0)µνDT
(0)
µν exp
[
−
∫
dDx
√
g(0)
{
gµν(0)(∂µφα)(∂νφα) +m
2φ2α + ξR
(0)φ2α − iϕ(0)φ2α +
N
2u
ϕ(0)2 +
N
2uη
η(0)2 −NT (0)µν (gµν(0) − gµνB )
}]
.
(3.3)
We emphasize that the introduction of this auxiliary field does not change any physics
except for the normalization constant of the partition function, omitted here for notational
simplicity.
Now, we separate low-energy and high-energy dual scalar fields, ϕ(0) and χ(0), respec-
tively, as follows
ϕ(0) =⇒ ϕ(0) + χ(0), η(0) =⇒ c(0)ϕ ϕ(0) + c(0)χ χ(0). (3.4)
Here, we determine two coefficients of c(0)ϕ and c
(0)
χ as
c(0)ϕ =
u−1
µ(0)u
−1/2
η
, c(0)χ = −
µ(0)
u
−1/2
η
, µ(0) =
u−1/2√
e2β
(0)dz − 1
, (3.5)
such that we do not generate mixing terms between such light and heavy dual scalar fields in
the mass sector. µ(0) is an effective mass for the heavy dual scalar field, clarified soon. β(0)
represents a local speed of coarse graining for the dual scalar field, and dz is an infinitesimal
parameter for the renormalization group transformation, also to be clarified below. As a
result, we rewrite the mass sector in terms of these light and heavy dual boson fields as
follows
N
2u
ϕ(0)2 +
N
2uη
η(0)2 =⇒ N
2u
e2β
(0)dzϕ(0)2 +
N
2u
e2β
(0)dz
e2β
(0)dz − 1χ
(0)2. (3.6)
Now, it is clear why we call χ(0) a heavy dual scalar field, whose mass is given by µ(0).
Rescaling both dual scalar fields in the following way to return the mass sector to its
original form,
ϕ(0) =⇒ e−β(0)dzϕ(0), χ(0) =⇒ e−β(0)dzχ(0), (3.7)
we rewrite the partition function in terms of these light and heavy dual scalar bosons as
Z =
∫
DφαDϕ
(0)Dχ(0)Dg(0)µνDT
(0)
µν exp
[
−
∫
dDx
√
g(0)
{
gµν(0)(∂µφα)(∂νφα) +m
2φ2α + ξR
(0)φ2α
− ie−β(0)dz(ϕ(0) + χ(0))φ2α +
N
2u
ϕ(0)2 +
N
2u
1
e2β
(0)dz − 1χ
(0)2 −NT (0)µν (gµν(0) − gµνB )
}]
.
(3.8)
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It is straightforward to perform the Gaussian integration for the heavy dual scalar field,
resulting in the partition function
Z =
∫
DφαDϕ
(0)Dg(0)µνDT
(0)
µν exp
[
− 1
2
trxx′ ln
N
2u
1
e2β
(0)dz − 1
−
∫
dDx
√
g(0)
{
gµν(0)(∂µφα)(∂νφα) +m
2φ2α + ξR
(0)φ2α − ie−β
(0)dzϕ(0)φ2α +
N
2u
ϕ(0)2
+
u
2N
(1− e−2β(0)dz)φ2αφ2β −NT (0)µν (gµν(0) − gµνB )
}]
, (3.9)
where self-interactions between the original scalar bosons are generated, as expected. To
prepare for the second renormalization group transformation, we perform the Hubbard-
Stratonovich transformation once again for this newly generated self-interaction term,
Z =
∫
DφαDϕ
(0)Dϕ(1)Dg(0)µνDT
(0)
µν exp
[
− 1
2
trxx′ ln
N
2u
1
e2β
(0)dz − 1
−
∫
dDx
√
g(0)
{
gµν(0)(∂µφα)(∂νφα) +m
2φ2α + ξR
(0)φ2α − ie−β
(0)dzϕ(0)φ2α +
N
2u
ϕ(0)2
+
N
2u
e2β
(0)dz
e2β
(0)dz − 1ϕ
(1)2 − iϕ(1)φ2α −NT (0)µν (gµν(0) − gµνB )
}]
. (3.10)
Rescaling the dual scalar field as
ϕ(1) =⇒ e−β(0)dzϕ(1) (3.11)
and shifting the field as
ϕ(1) =⇒ ϕ(1) − ϕ(0) (3.12)
together with ϕ(1) =⇒ ϕ(1) − ie−β(0)dzξR(0) and ϕ(0) =⇒ ϕ(0) − ie−β(0)dzξR(0), we ob-
tain the following expression of the partition function after the first renormalization group
transformation for the dual scalar-field sector
Z =
∫
DφαDϕ
(0)Dϕ(1)Dg(0)µνDT
(0)
µν exp
[
− 1
2
trxx′ ln
N
2u
1
e2β
(0)dz − 1
−
∫
dDx
√
g(0)
{
gµν(0)(∂µφα)(∂νφα) +m
2φ2α − ie−β
(0)dzϕ(1)φ2α
+
N
2u
(
ϕ(0) − ie−β(0)dzξR(0)
)2
+
N
2u
1
e2β
(0)dz − 1(ϕ
(1) − ϕ(0))2 −NT (0)µν (gµν(0) − gµνB )
}]
.
(3.13)
Now, we perform the first renormalization group transformation for the original boson
sector. As in the renormalization group transformation for the dual scalar-field sector, we
introduce an auxiliary field ψα into the partition function
Z =
∫
DφαDψαDϕ
(0)Dϕ(1)Dg(0)µνDT
(0)
µν exp
[
− 1
2
trxx′ ln
N
2u
1
e2β
(0)dz − 1
−
∫
dDx
√
g(0)
{
gµν(0)(∂µφα)(∂νφα) +m
2φ2α − ie−β
(0)dzϕ(1)φ2α +M
2ψ2α
+
N
2u
(
ϕ(0) − ie−β(0)dzξR(0)
)2
+
N
2u
1
e2β
(0)dz − 1(ϕ
(1) − ϕ(0))2 −NT (0)µν (gµν(0) − gµνB )
}]
.
(3.14)
– 9 –
We point out again that the introduction of the auxiliary field ψα does not change any
physics except for the normalization constant of the partition function, omitted here for
notational simplicity.
We separate low-energy and high-energy scalar fields, φα and Φα, respectively,
φα =⇒ φα + Φα, ψα =⇒ c(0)φ φα + c(0)Φ Φα, (3.15)
where two coefficients of c(0)φ and c
(0)
Φ are given by
c
(0)
φ =
(m2 − ie−β(0)dzϕ(1))
µ(0)M
, c
(0)
Φ = −
µ(0)
M
, µ(0) =
(m2 − ie−β(0)dzϕ(1))1/2√
e2α
(0)dz − 1
. (3.16)
Here, as β(0), α(0) represents a local speed of coarse graining for the dual scalar field. Then,
the mass sector of the original scalar fields reads
(m2 − ie−β(0)dzϕ(1))φ2α +M2ψ2α
=⇒ e2α(0)dz(m2 − ie−β(0)dzϕ(1))φ2α +
e2α
(0)dz
e2α
(0)dz − 1(m
2 − ie−β(0)dzϕ(1))Φ2α. (3.17)
Rescaling both scalar fields as
φα =⇒ e−α(0)dzφα, Φα =⇒ e−α(0)dzΦα, (3.18)
we rewrite the partition function in terms of light and heavy scalar fields as follows
Z =
∫
DφαDΦαDϕ
(0)Dϕ(1)Dg(0)µνDT
(0)
µν exp
[
− 1
2
trxx′ ln
N
2u
1
e2β
(0)dz − 1
−
∫
dDx
√
g(0)
{
gµν(0)[∂µe
−α(0)dz(φα + Φα)][∂νe−α
(0)dz(φα + Φα)]
+ (m2 − ie−β(0)dzϕ(1))φ2α +
1
e2α
(0)dz − 1(m
2 − ie−β(0)dzϕ(1))Φ2α
+
N
2u
(
ϕ(0) − ie−β(0)dzξR(0)
)2
+
N
2u
1
e2β
(0)dz − 1(ϕ
(1) − ϕ(0))2 −NT (0)µν (gµν(0) − gµνB )
}]
.
(3.19)
Here, effective couplings between light and heavy scalar bosons arise in the kinetic-energy
sector.
The next step is to perform the Gaussian integral for the heavy scalar fields. For our
simple derivation, we fix a gauge for the local speed of coarse graining as
∂µα
(0) = 0. (3.20)
The physical meaning of this gauge fixing is that the renormalization group transformation
is taken into account in a uniform way, where the coefficient in front of the infinitesimal
parameter for the renormalization group transformation does not depend on the spacetime
coordinate x. Integrating over the heavy scalar fields with this gauge fixing, we obtain
Z =
∫
DφαxDϕ
(0)
x Dϕ
(1)
x Dg
(0)
µνxDT
(0)
µνx exp
{
− S(0)φφ −∆S(0)φΦ − S(0)ΦΦ − S(1)ϕϕ
+N
∫
dDx
√
g
(0)
x T
(0)
µνx(g
µν(0)
x − gµνBx)
}
. (3.21)
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Here, S(0)φφ is an effective action before the first renormalization group transformation, given
by
S
(0)
φφ =
∫
dDx
√
g
(0)
x
{
e−2α
(0)dzgµν(0)x (∂µφαx)(∂νφαx) + (m
2 − ie−β(0)dzϕ(1)x )φ2αx
}
. (3.22)
∆S
(0)
φΦ is an effective action to result from the mixing terms between light and heavy scalar
fields in the kinetic-energy part, given by
∆S
(0)
φΦ = −
∫
dDx
√
g
(0)
x
∫
dDx′
√
g
(0)
x′ e
−2α(0)dzgµν(0)x g
µ′ν′(0)
x′ (∂µφαx)(∂ν∂µ′G
(0)
xx′)(∂ν′φαx′),
(3.23)
where G(0)xx′ is the Green’s function of the heavy scalar bosons, and obeys
{
− 1√
g
(0)
x
∂µ
(√
g
(0)
x g
µν(0)
x ∂ν
)
+
e(2α
(0)−β(0))dz
e2α
(0)dz − 1 (e
−2α(0)dzm2 − iϕ(1)x )
}
G
(0)
xx′
=
1√
g
(0)
x
δ(D)(x− x′). (3.24)
This Green’s function plays a central role in the renormalization group transformation,
regarded to be the only dynamic information. S(0)ΦΦ serves as an effective vacuum action to
originate from quantum fluctuations of the heavy scalar fields, given by
S
(0)
ΦΦ =
N
2
trxx′ ln e−2α
(0)dz
√
g
(0)
x
{
− 1√
g
(0)
x
∂µ
(√
g
(0)
x g
µν(0)
x ∂ν
)
+
e(2α
(0)−β(0))dz
e2α
(0)dz − 1 (e
−2α(0)dzm2 − iϕ(1)x )
}
.
(3.25)
Finally, S(1)ϕϕ is an effective action after the first renormalization group transformation for
the dual scalar bosons, given by
S(1)ϕϕ =
1
2
trxx′ ln
N
2u
1
e2β
(0)dz − 1
+
∫
dDx
√
g
(0)
x
{N
2u
(
ϕ(0)x − ie−β
(0)dzξR(0)x
)2
+
N
2u
1
e2β
(0)dz − 1(ϕ
(1)
x − ϕ(0)x )2
}
. (3.26)
Taking the gradient expansion in the vacuum sector of S(0)ΦΦ with respect to the mass
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of scalar bosons and keeping all terms up to the linear order in dz, we obtain
Z =
∫
DφαxDϕ
(0)
x Dϕ
(1)
x Dg
(0)
µνxDT
(0)
µνx exp
[
N
2
trxx′ ln(2α(0)dz) +
1
2
trxx′ ln(2β(0)dz)− N
2
trxx′ ln
√
g
(0)
x m
2 − 1
2
trxx′ ln
N
2u
−
∫
dDx
√
g
(0)
x
{
(1− 2α(0)dz)gµν(0)x (∂µφαx)(∂νφαx) + (m2 − iϕ(1)x )φ2αx
−
∫
dDx′
√
g
(0)
x′ g
µν(0)
x g
µ′ν′(0)
x′ (∂µφαx)(∂ν∂µ′G
(0)
xx′)(∂ν′φαx′)
+ 2α(0)dzN
(
− CΛ + CRR(0)x +
Cϕ
2
gµν(0)x (∂µϕ
(1)
x )(∂νϕ
(1)
x ) + CξR(0)x ϕ(1)2x
)
+
N
2u
(
ϕ(0)x − iξR(0)x
)2
+ β(0)dz
N
4u
(ϕ(1)x − ϕ(0)x
β(0)dz
)2 −NT (0)µνx(gµν(0)x − gµνBx)}]. (3.27)
We point out that the Einstein-Hilbert action appears to count vacuum fluctuations of
high-energy scalar bosons in the background geometry, known to be the notion of induced
gravity [40, 43, 44]. In addition, dual scalar bosons acquire their kinetic energy, where Cϕ
and Cξ are positive constants. All the coefficients CΛ, CR, Cϕ, and Cξ decrease as the mass
of scalar bosons increases. The Green’s function G(0)xx′ is determined to linear order in dz
by the equation
{
− 1√
g
(0)
x
∂µ
(√
g
(0)
x g
µν(0)
x ∂ν
)
+
1
2α(0)dz
(m2 − iϕ(1)x )
}
G
(0)
xx′ =
1√
g
(0)
x
δ(D)(x− x′). (3.28)
3.2 Recursive renormalization group transformations a la Sung-Sik Lee
The idea for the second renormalization group transformation is that S(0)φφ + ∆S
(0)
φΦ is re-
formulated as S(1)φφ , where the metric tensor is updated to be from g
(0)µν to g(1)µν ap-
propriately. However, this reformulation turns out not to be straightforward since ∆S(0)φΦ
is a nonlocal action because of G(0)xx′ , which differs from the local kinetic energy term of
S
(0)
φφ . An important observation is that this Green’s function is given by an exponential
form ∼ exp
(
− (2α(0)dz)−1/2
√
m2 − iϕ(1)x |x − x′|
)
, where the inverse of the decay length
is (2α(0)dz)−1/2
√
m2 − iϕ(1)x . As a result, we may only keep the local term in the gradient
expansion as follows
(∂ν∂µ′G
(0)
xx′) ≈ (∂ν∂µ′G(0)xx′)
1√
gx′
δ(D)(x− x′) + . . . , (3.29)
where higher gradient terms are in higher orders of dz.
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Taking into account this locality approximation justified to linear order in dz we obtain
Z =
∫
DφαDϕ
(0)Dϕ(1)Dg(0)µνDT
(0)
µν exp
[
N
2
trxx′ ln(2α(0)dz) +
1
2
trxx′ ln(2β(0)dz)− N
2
trxx′ ln
√
g(0)m2 − 1
2
trxx′ ln
N
2u
−
∫
dDx
√
g(0)
{
gµν(0)(∂µφα)(∂νφα) + (m
2 − iϕ(1))φ2α
− 2α(0)dz
(
gµν(0) +
1
2α(0)dz
gµν
′(0)(∂ν′∂µ′G
(0)
xx′)x′→xg
µ′ν(0)
)
(∂µφα)(∂νφα)
+ 2α(0)dzN
(
− CΛ + CRR(0) + Cϕ
2
gµν(0)(∂µϕ
(1))(∂νϕ
(1)) + CξR(0)ϕ(1)2
)
+
N
2u
(
ϕ(0) − iξR(0)
)2
+ β(0)dz
N
4u
(ϕ(1) − ϕ(0)
β(0)dz
)2 −NT (0)µν (gµν(0) − gµνB )}]. (3.30)
Then, it is straightforward to update the metric tensor up to the linear order in dz as follows
Z =
∫
DφαDϕ
(0)Dϕ(1)Dg(0)µνDT
(0)
µν Dg
(1)
µνDT
(1)
µν exp
[
N
2
trxx′ ln(2α(0)dz) +
1
2
trxx′ ln(2β(0)dz)− N
2
trxx′ ln
√
g(0)m2 − 1
2
trxx′ ln
N
2u
−
∫
dDx
√
g(1)
{
g(1)µν(∂µφα)(∂νφα) + (m
2 − iϕ(1))φ2α
}
−N
∫
dDx
√
g(0)
{ 1
2u
(
ϕ(0) − iξR(0)
)2 − T (0)µν (g(0)µν − gµνB )}
−N
∫
dDx
√
g(0)
{
2α(0)dz
(
− CΛ + CRR(0) + Cϕ
2
gµν(0)(∂µϕ
(1))(∂νϕ
(1)) + CξR(0)ϕ(1)2
)
+ β(0)dz
N
4u
(ϕ(1) − ϕ(0)
β(0)dz
)2 − T (1)µν (g(1)µν − g(0)µν − g(0)µν′(∂ν′∂µ′G(0)xx′)x′→xg(0)µ′ν)}].
(3.31)
Here, T (1)µν is a Lagrange multiplier field to impose the update condition. This completes
the first renormalization group transformation.
Based on the above expression, we can estimate the partition function after the (f−1)th
renormalization group transformation, given by
Z =
∫
DφαΠ
f
k=0Dϕ
(k)Dg(k)µν DT
(k)
µν exp
{
− SΛ − SUV − SIR − SBulk
}
. (3.32)
Here, SΛ is an effective action which is UV-divergent, and given by
SΛ = −N
2
f∑
k=1
trxx′ ln(2dz)− 1
2
f∑
k=1
trxx′ ln(2dz)
+
1
2
f∑
k=1
trxx′ ln
N
2u
+
N
2
f∑
k=1
trxx′ ln
√
g(k−1)m2. (3.33)
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SUV is an effective action imposing UV boundary conditions for both metric and dual scalar
fields, given by
SUV = N
∫
dDx
{
− 1
2u
√
g(0)
(
ϕ(0) − ξR(0)
)2 −√g(0)T (0)µν (g(0)µν − gµνB )}. (3.34)
SIR is an effective action implementing IR boundary conditions of both metric and dual
scalar fields, given by
SIR =
∫
dDx
√
g(f)
{
g(f)µν(∂µφα)(∂νφα) + (m
2 + ϕ(f))φ2α
}
. (3.35)
SBulk is an effective action to govern the dynamics of both metric and dual scalar fields,
given by
SBulk = N(2dz)
f∑
k=1
∫
dDx
√
g(k−1)
{
− 1
2u
(ϕ(k) − ϕ(k−1)
2dz
)2
− T (k)µν
(g(k)µν − g(k−1)µν
2dz
− 1
2dz
g(k−1)µν
′
(∂ν′∂µ′G
(k−1)
xx′ )x′→xg
(k−1)µ′ν
)
− CΛ + CRR(k−1) − Cϕ
2
gµν(k−1)(∂µϕ(k))(∂νϕ(k))− CξR(k−1)ϕ(k)2
}
. (3.36)
G
(k−1)
xx′ is the Green’s function for the k-th renormalization group transformation, given by
{
− 1√
g
(k−1)
x
∂µ
(√
g
(k−1)
x g
µν(k−1)
x ∂ν
)
+
1
2dz
(m2 + ϕ(k)x )
}
G
(k−1)
xx′ =
1√
g
(k−1)
x
δ(D)(x− x′).
(3.37)
Here, we replaced ϕ(k) with iϕ(k) and adopt gauge fixing for both uniform speeds of coarse
graining as α(k) = β(k) = 1. More discussions on this gauge fixing will be presented below.
The last step is to rewrite the above partition function in the continuous coordinate
representation instead of the discrete variable k. Considering
(2dz)
f∑
k=1
∫
dDx
√
g(k−1) T (k)µν
(g(k)µν − g(k−1)µν
2dz
)
=⇒
∫ zf
0
dz
∫
dDx
√
g(x, z) Tµν(x, z) ∂zg
µν(x, z) (3.38)
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with (2dz)
∑f
k=1 =⇒
∫ zf
0 dz and
g(k)µν−g(k−1)µν
2dz =⇒ ∂zgµν(x, z), we obtain
Z = ZΛ
∫
Dφα(x)Dϕ(x, z)Dgµν(x, z)DTµν(x, z) exp
[
−
∫
dDx
√
g(x, zf )
{
gµν(x, zf )[∂µφα(x)][∂νφα(x)] + [m
2 + ϕ(x, zf )]φ
2
α(x)
}
−N
∫
dDx
√
g(x, 0)
{
− 1
2u
(
ϕ(x, 0)− ξR(x, 0)
)2 − Tµν(x, 0)(gµν(x, 0)− gµνB (x))}
−N
∫ zf
0
dz
∫
dDx
√
g(x, z)
{
− 1
2u
[∂zϕ(x, z)]
2 − Cϕ
2
gµν(x, z)[∂µϕ(x, z)][∂νϕ(x, z)]
− CξR(x, z)[ϕ(x, z)]2 + 1
2κ
(
R(x, z)− 2Λ
)
− Tµν(x, z)
(
∂zg
µν(x, z)− 1
2dz
gµν
′
(x, z)
(
∂ν′∂µ′Gxx′ [gµν(x, z), ϕ(x, z)]
)
x′→xg
µ′ν(x, z)
)}]
,
(3.39)
where all UV divergent terms are absorbed into a normalization constant ZΛ. For the
Einstein-Hilbert action, we took the following replacements
CR ≡ 1
2κ
,
CΛ
CR ≡ 2Λ. (3.40)
All the dynamical information is encoded into the Green’s function, given by{
− 1√
g(x, z)
∂µ
(√
g(x, z)gµν(x, z)∂ν
)
+
1
2dz
[m2 + ϕ(x, z)]
}
Gxx′ [gµν(x, z), ϕ(x, z)]
=
1√
g(x, z)
δ(D)(x− x′). (3.41)
As discussed earlier in section 2, the physical description is quite clear in this effective
action. The D-dimensional metric tensor evolves through the extra dimension, following
the equation of motion
∂zg
µν(x, z) =
1
2dz
gµν
′
(x, z)
(
∂ν′∂µ′Gxx′ [gµν(x, z), ϕ(x, z)]
)
x′→xg
µ′ν(x, z). (3.42)
As a result, a fully renormalized metric gµν(x, zf ) appears in the IR effective action SIR =∫
dDx
√
g(x, zf )
{
gµν(x, zf )[∂µφα(x)][∂νφα(x)] + [m
2 + ϕ(x, zf )]φ
2
α(x)
}
, describing all pos-
sible renormalizations such as field renormalization, mass renormalization, and interaction
renormalization. This evolution equation plays essentially the same role as renormalization
group β-functions.
3.3 Remarks on the renormalization group transformation for the metric ten-
sor
Although the renormalization group flow of the metric tensor results from quantum fluc-
tuations of matter fields, the metric tensor is not fully dynamical in contrast with the
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holographic duality conjecture [2–8]. This should be contrasted with the order-parameter
field which is promoted to be dynamical in the extra-dimensional space. We recall that
the dynamics of the order-parameter field originates from effective self-interactions between
matter fields. In this respect we introduce effective tensor-field interactions into the parti-
tion function as follows
Z =
∫
Dφα exp
[
−
∫
dDx
√
gB
{
gµνB (∂µφα)(∂νφα) +m
2φ2α + ξRBφ
2
α
+
u
2N
φ2αφ
2
β +
λ
2N
[(∂µφα)(∂
νφα)][(∂µφβ)(∂νφβ)]
}]
. (3.43)
It is natural to expect that the effective interaction term λ2N [(∂
µφα)(∂
νφα)][(∂µφβ)(∂νφβ)]
is irrelevant in the renormalization group sense as long as the coupling constant λ remains
to be below a critical value. However, we point out that these tensor-type quantum fluc-
tuations promote the emergent metric tensor to be fully dynamical [41]. Although one can
take into account an effective interaction term of the exact energy-momentum tensor in the
effective Lagrangian, the above introduction of the effective interaction term is sufficient in
discussing which approximation scheme has to be used for the metric renormalization-group
transformation.
Performing the Hubbard-Stratonovich transformation for both effective interactions,
we obtain
Z =
∫
DφαDϕ
(0)Dg(0)µνDt
(0)
µνDgµν exp
[
−
∫
dDx
√
g(0)
{
(gµν(0) − igµν)(∂µφα)(∂νφα)
+(m2 − iϕ(0))φ2α + ξR(0)φ2α +
N
2u
ϕ(0)2 +
N
2λ
gµνgµν −Nt(0)µν (gµν(0) − gµνB )
}]
, (3.44)
where t(0)µν is a Lagrange multiplier field to impose the initial condition gµν(0) = gµνB . Shifting
the metric tensor in the following way
gµν(0) =⇒ gµν(0) + igµν , (3.45)
we obtain
Z =
∫
DφαDϕ
(0)Dg(0)µνDt
(0)
µνDgµν exp
[
−
∫
dDx
√
det[g(0)µν + igµν ]
{
gµν(0)(∂µφα)(∂νφα)
+ (m2 − iϕ(0))φ2α + ξR[g(0)µν + igµν ]φ2α +
N
2u
ϕ(0)2 +
N
2λ
gµνgµν −Nt(0)µν (gµν(0) + igµν − gµνB )
}]
.
(3.46)
We now perform the path integral
∫
Dt
(0)
µνDgµν . The approximation that we have to use is
to keep quantum fluctuations of the metric tensor up to the linear order. In other words,
we neglect the igµν contribution in both the determinant and Ricci scalar. As a result, we
obtain
Z ≈
∫
DφαDϕ
(0)Dg(0)µν exp
[
−
∫
dDx
√
g(0)
{
gµν(0)(∂µφα)(∂νφα) + (m
2 − iϕ(0))φ2α + ξR(0)φ2α
+
N
2u
ϕ(0)2 − N
2λ
(gµν(0) − gµνB )(g(0)µν − gBµν)
}]
. (3.47)
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To perform the renormalization group transformation for the metric tensor, we intro-
duce an auxiliary field in the following way
Z =
∫
DφαDϕ
(0)Dϕ(1)Dg(0)µνDG
(0)
µν
exp
[
−
∫
dDx
√
i−1det[g(0)µν + gBµν ]
{
i[gµν(0) + gµνB ](∂µφα)(∂νφα) + (m
2 − ie−β(0)dzϕ(1))φ2α
+
N
2u
(
ϕ(0) − ie−β(0)dzξR[i(g(0)µν + gBµν)]
)2
+
N
2u
1
e2β
(0)dz − 1(ϕ
(1) − ϕ(0))2
+
N
2λ
gµν(0)g(0)µν +
N
2λG
Gµν(0)G(0)µν
}]
, (3.48)
where the renormalization group transformation for the order-parameter field has been
performed and gµν(0) =⇒ i(gµν(0) + gµνB ) has been taken. Separating slow and fast degrees
of freedom in the metric tensor as
gµν(0) =⇒ gµν(0) + Gµν(0), Gµν(0) =⇒ c(0)g gµν(0) + c(0)G Gµν(0), (3.49)
where both coefficients are given by
c(0)g =
λ−1
µ(0)λ
−1/2
G
, c
(0)
G = −
µ(0)
λ
−1/2
G
, µ(0) =
λ−1/2√
e2δ
(0)dz − 1
, (3.50)
and rescaling both degrees of freedom as
gµν(0) =⇒ e−δ(0)dzgµν(0), Gµν(0) =⇒ e−δ(0)dzGµν(0), (3.51)
where δ(0) is the local speed of coarse graining, we have
Z =
∫
DφαDϕ
(0)Dϕ(1)Dg(0)µνDG(0)µν exp
[
−
∫
dDx
√
i−1det[eδ(0)dz(g(0)µν + e−δ
(0)dzgBµν + G(0)µν )]{
ie−δ
(0)dz(gµν(0) + eδ
(0)dzgµνB + Gµν(0))(∂µφα)(∂νφα) + (m2 − ie−β
(0)dzϕ(1))φ2α
+
N
2u
(
ϕ(0) − ie−β(0)dzξR[ieδ(0)dz(g(0)µν + e−δ
(0)dzgBµν + G(0)µν )]
)2
+
N
2u
1
e2β
(0)dz − 1(ϕ
(1) − ϕ(0))2
+
N
2λ
gµν(0)g(0)µν +
N
2λ
1
e2δ
(0)dz − 1G
µν(0)G(0)µν
}]
. (3.52)
To perform the renormalization group transformation for the metric tensor, we consider
the linear approximation again for the G(0)µν path integral, where the G(0)µν contribution in
both the determinant and the Ricci scalar is neglected. As a result, we obtain
Z =
∫
DφαDϕ
(0)Dϕ(1)Dg(0)µν exp
[
−
∫
dDx
√
eδ
(0)dzg(0)
{
e−δ
(0)dzgµν(0)(∂µφα)(∂νφα)
+(m2 − ie−β(0)dzϕ(1))φ2α +
N
2u
(
ϕ(0) − ie−β(0)dzξR(0)
)2
+
N
2u
1
e2β
(0)dz − 1(ϕ
(1) − ϕ(0))2
−N
2λ
(gµν(0) − eδ(0)dzgµνB )(g(0)µν − e−δ
(0)dzgBµν) +
λ
2N
[1− e−2δ(0)dz](∂µφα)(∂νφα)(∂µφβ)(∂νφβ)
}]
,(3.53)
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where an effective interaction term λ2N [1 − e−2δ
(0)dz](∂µφα)(∂
νφα)(∂µφβ)(∂νφβ) has been
generated. Performing the Hubbard-Stratonovich transformation for the newly generated
effective interaction term and updating the metric tensor in the boundary action, we obtain
Z =
∫
DφαDϕ
(0)Dϕ(1)Dg(0)µνDg˜
(0)
µν exp
[
−
∫
dDx
√
eδ
(0)dz g˜(0)
{
e−δ
(0)dz g˜µν(0)(∂µφα)(∂νφα)
+(m2 − ie−β(0)dzϕ(1))φ2α +
N
2u
1
e2β
(0)dz − 1(ϕ
(1) − ϕ(0))2
−N
2λ
1
e2δ
(0)dz − 1(g˜
µν(0) − gµν(0))(g˜(0)µν − g(0)µν )
}
−
∫
dDx
√
eδ
(0)dzg(0)
{N
2u
(
ϕ(0) − ie−β(0)dzξR(0)
)2
−N
2λ
(gµν(0) − eδ(0)dzgµνB )(g(0)µν − e−δ
(0)dzgBµν)
}]
, (3.54)
where g˜µν(0) is an updated metric tensor.
Finally, we perform the renormalization group transformation for the matter sector
as discussed in the previous section. Taking the locality approximation for the Green’s
function and keeping all terms up to the linear order in dz, we find
Z =
∫
DφαDϕ
(0)Dϕ(1)Dg(0)µνDg˜
(0)
µν
exp
[
−
∫
dDx
√
g˜(0)
{(
g˜µν(0) − g˜µδ(0)(∂δ∂δ′G(0)xx′)x′→xg˜δ
′ν(0)
)
(∂µφα)(∂νφα) + (m
2 − iϕ(1))φ2α
+2β(0)dz
N
2u
(ϕ(1) − ϕ(0)
2β(0)dz
)2 − 2δ(0)dz N
2λ
( g˜µν(0) − gµν(0)
2δ(0)dz
)( g˜(0)µν − g(0)µν
2δ(0)dz
)
+2α(0)dzN
(
− CΛ + CRR˜(0) + Cϕ
2
g˜µν(0)(∂µϕ
(1))(∂νϕ
(1)) + CξR˜(0)ϕ(1)2
)}
−
∫
dDx
√
g(0)
{N
2u
(
ϕ(0) − iξR(0)
)2 − N
2λ
(gµν(0) − gµνB )(g(0)µν − gBµν)
}]
. (3.55)
Upgrading the metric tensor g˜(0)µν to make the kinetic-energy term be invariant, we rewrite
the above expression as follows
Z =
∫
DφαDϕ
(0)Dϕ(1)Dg(0)µνDg
(1)
µν
exp
[
−
∫
dDx
√
g(1)
{
gµν(1)(∂µφα)(∂νφα) + (m
2 − iϕ(1))φ2α + 2β(0)dz
N
2u
(ϕ(1) − ϕ(0)
2β(0)dz
)2
−2δ(0)dz N
2λ
(gµν(1) − gµν(0) − gµδ(0)(∂δ∂δ′G(0)xx′)x′→xgδ′ν(0)
2δ(0)dz
)(g(1)µν − g(0)µν − g(0)µδ (∂δ∂δ′G(0)xx′)x′→xg(0)δ′ν
2δ(0)dz
)
+2α(0)dzN
(
− CΛ + CRR(1) + Cϕ
2
gµν(1)(∂µϕ
(1))(∂νϕ
(1)) + CξR(1)ϕ(1)2
)}
−
∫
dDx
√
g(0)
{N
2u
(
ϕ(0) − iξR(0)
)2 − N
2λ
(gµν(0) − gµνB )(g(0)µν − gBµν)
}]
. (3.56)
Repeating all these renormalization group transformations within the recursion frame-
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work and rewriting the recursive expression in the continuous variable z, we obtain
Z = ZΛ
∫
Dφα(x)Dϕ(x, z)Dgµν(x, z) exp
[
−
∫
dDx
√
g(x, zf )
{
gµν(x, zf )[∂µφα(x)][∂νφα(x)] + [m
2 + ϕ(x, zf )]φ
2
α(x)
}
−N
∫
dDx
√
g(x, 0)
{
− 1
2u
(
ϕ(x, 0)− ξR(x, 0)
)2 − 1
2λ
(
gµν(x, 0)− gµνB (x)
)2}
−N
∫ zf
0
dz
∫
dDx
√
g(x, z)
{
− 1
2u
[∂zϕ(x, z)]
2 − Cϕ
2
gµν(x, z)[∂µϕ(x, z)][∂νϕ(x, z)]− CξR(x, z)[ϕ(x, z)]2
− 1
2λ
(
∂zg
µν(x, z)− 1
2dz
gµν
′
(x, z)
(
∂ν′∂µ′Gxx′ [gµν(x, z), ϕ(x, z)]
)
x′→xg
µ′ν(x, z)
)2
+
1
2κ
(
R(x, z)− 2Λ
)}]
. (3.57)
Here, the second derivative with respect to z coordinatizing the extra dimension arises in
the metric evolution, resulting from essentially the same procedure as that in the order-
parameter evolution [∂zϕ(x, z)]2, where the linear approximation for the metric tensor has
been used. It is interesting to notice that the linear approximation for quantum fluctuations
of the metric tensor gives rise to the highly nonlinear renormalization group flow, shown in
Eq. (3.57), where the metric-tensor renormalization is intertwined with the renormalization
of the order-parameter field through the Green’s function of the matter field. In this case
renormalization group β-functions are given by IR boundary conditions, where the linear
derivative in z appears from the bulk effective action by the technique of integration-by-
parts. In the next section we demonstrate that the evolution equations of the metric tensor
along the extra dimensional space are nothing but the renormalization group β-functions.
Before going further, we point out that this holographic dual effective field theory is not
covariant but a gauge-fixed version. In other words, the metric-tensor components involved
with the extra dimension are gauge-fixed as follows: gDD(x, z) = 1 and gµD(x, z) = 0 with
µ = 0, . . . , D− 1. It turns out that the gauge choice of α(k) = 1 gives rise to gDD(x, z) = 1.
On the other hand, the gauge freedom in gµD(x, z) = 0 results from the invariance of the
partition function with respect to D-dimensional diffeomorphism after the renormalization
group transformation with dz [31–33]. While we do not delve into this issue here, a fully
covariant formulation has been constructed in the absence of dual scalar fields, where the D-
dimensional Einstein-Hilbert action is uplifted into the (D+1)-dimensional Einstein-Hilbert
one via recursive renormalization group transformations [31–33].
We also point out that the order of the renormalization group transformations for
the dual and original boson fields is immaterial. We recall that the dz → 0 limit with
zf ≡ dz
∑f
k=1 = fdz controls our recursive renormalization group transformations. The
order of the renormalization group transformations does not matter in this controllable
limit.
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4 Physical interpretation of the emergent dynamical metric tensor: From
renormalization group equations of coupling parameters to the evolu-
tion equation of the metric tensor
In this section we demonstrate explicitly that renormalization group β-functions in the
quantum field theory are nothing but IR boundary conditions in the large N limit of
the holographic dual field theory. We do so by comparing our holographic theory and yet
another real space renormalization group transformation (the Kadanoff block-spin transfor-
mation). For simplicity in the presentation, we switch off the self-interactions and consider
a one-dimensional lattice field theory, given by
Z =
∫
DΦi exp
[
−
∫ β
0
dτ
M∑
i=1
{
(∂τΦi)
2 − t(ΦiΦi+1 + Φi+1Φi) +m2Φ2i
}]
. (4.1)
Here, Φi is a real scalar field at site i. t is a hopping integral and m is a mass parameter. In
the case of one dimensional lattice, it is straightforward to perform the Kadanoff block-spin
transformation [51]. Integrating out all dynamical fields at even lattice sites, we obtain an
effective field theory for odd-site scalar fields with renormalized hopping and mass param-
eters. Implementing this renormalization group transformation in a recursive way [48], we
obtain the following expression of the partition function
Z =
∫
DΦ(i, τ)Dt(z)Dm2(z)
× δ
(
t(0)− t
)
δ
(
m2(0)−m2
)
δ
(
∂zm
2(z) +
[t(z)]2
am2(z)
)
δ
(
∂zt(z) +
1
a
t(z)− [t(z)]
2
2am2(z)
)
× exp
[
−
∫ β
0
dτ
M∑
i=1
{(
∂τΦ(i, τ)
)2
+m2(zf )[Φ(i, τ)]
2
− t(zf )
(
Φ(i, τ)Φ(i+ 1, τ) + Φ(i+ 1, τ)Φ(i, τ)
)}
− M
4a
∫ zf
0
dz
∑
iωn
ln
(
ω2n +m
2(z)
)]
.
(4.2)
Here, a is a scale for the renormalization group transformation, defined in Eqs. (A.8) and
(A.9), which corresponds to dz in the previous section. All details are shown in appendix A,
where recursive Kadanoff block-spin transformations have been performed in the presence of
self-interactions. We point out that both the hopping and mass parameters are renormalized
to appear in the IR boundary action. In this respect two δ-function constraints serve as
renormalization group β-functions for the hopping and mass parameters, respectively.
To show the equivalence between the above renormalization group β−functions and
the evolution equations for the metric-tensor fields, we recall the gravity formulation, given
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by
Z =
∫
Dφα(x)Dgµν(x, z)δ
(
gµν(x, 0)− gµνB
)
× δ
(
∂zg
µν(x, z)− 1
2dz
gµν
′
(x, z)
(
∂ν′∂µ′Gxx′ [gµν(x, z)]
)
x′→xg
µ′ν(x, z)
)
× exp
[
−
∫
dDx
√
g(x, zf )
{
gµν(x, zf )(∂µφα(x))(∂νφα(x)) +m
2φ2α(x)
}
− N
2κ
∫ zf
0
dz
∫
dDx
√
g(x, z)
(
R(x, z)− 2Λ
)]
, (4.3)
which results from the UV theory of
Z =
∫
Dφα(x) exp
[
−
∫
dDx
√
gB
{
gµνB (∂µφα)(∂νφα) +m
2φ2α
}]
. (4.4)
Comparing each term between Eq. (4.2) and Eq. (4.3), we observe the following corre-
spondences, √
g(x, zf )m
2 = m2(zf )− 2t(zf ) =⇒ 1√
g(x, zf )
=
m2
m2(zf )− 2t(zf ) (4.5)
for the metric determinant,√
g(x, zf )g
xx(x, zf ) = t(zf ) =⇒ gxx(x, zf ) = m
2
m2(zf )− 2t(zf ) t(zf ) (4.6)
for the gxx(x, zf ) component, and√
g(x, zf )g
ττ (x, zf ) = 1 =⇒ gττ (x, zf ) = m
2
m2(zf )− 2t(zf ) (4.7)
for the gττ (x, zf ) component. We recall the gauge choice
gzz(x, z) = 1. (4.8)
We also point out the correspondence in the Green’s function, given by
G[q0, qx; t(z),m(z)] =
1
q20 + t(z)q
2
x +
m2(z)−2t(z)
2dz
, (4.9)
where q0 and qx are temporal and spatial components of the momentum, respectively.
Introducing all these correspondences into the evolution equations for the metric tensors,
given by
∂zg
ττ (z) = gττ (z)
{∫
dq0dqx
q20
q20 + t(z)q
2
x +
m2(z)−2t(z)
2dz
}
gττ (z) (4.10)
and
∂zg
xx(z) = gxx(z)
{∫
dq0dqx
q2x
q20 + t(z)q
2
x +
m2(z)−2t(z)
2dz
}
gxx(z), (4.11)
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we obtain the following equations for both mass and hopping parameters,
∂zm
2(z)− 2∂zt(z) = −pi m
2
2dz
(∫
dq0
q20√
q20 + 1
)m2(z)− 2t(z)√
t(z)
(4.12)
and
m2(z)∂zt(z)− t(z)∂zm2(z) = pi m
2
2dz
(∫
dqx
q2x√
q2x + 1
)√
t(z)[m2(z)− 2t(z)]. (4.13)
These two coupled equations are reduced into
∂zm
2(z) = −pi m
2
2dz
(∫
dq0
q20√
q20 + 1
)m2(z)− 2t(z)√
t(z)
(4.14)
and
∂zt(z) = 0. (4.15)
Redefining the mass parameter as
M2(z) ≡ m2(z) + 2t(z), (4.16)
we rewrite Eq. (4.14) as
∂zM
2(z) = −pi m
2
2dz
√
t
(∫
dq0
q20√
q20 + 1
)
M2(z). (4.17)
To show the equivalence between this equation and the β-function of the mass param-
eter, we consider the following fixed point, given by
∂zt(z) = −1
a
t(z) +
[t(z)]2
2am2(z)
=⇒ 0 (4.18)
in the β-function of the hopping parameter. Then, the β-function of the mass parameter is
∂zm
2(z) = − [t(z)]
2
am2(z)
=⇒ −4
a
m2(z). (4.19)
Comparing Eq. (4.17) with Eq. (4.19), we obtain the correspondence between the scale dz
of the Polchinski real-space renormalization group transformation and the scale a of the
Kadanoff block-spin transformation as follows
2dz
a
= pi
m2
4
√
t
(∫
dq0
q20√
q20 + 1
)
. (4.20)
This completes our demonstration that the evolution equations of the metric tensor are
nothing but the renormalization-group β-functions of the coupling constants.
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5 Evaluation of entanglement entropy based on the heat kernel method
5.1 Entanglement entropy
As we have demonstrated that the quantum field theory is geometrized in the large N limit,
we now ask how quantum entanglement in the quantum field theory is encoded into the
classical geometry in the holographic dual reformulation. As discussed before, we address
this issue by calculating the entanglement entropy.
Entanglement entropy is a subsystem von Neumann entropy SEE = −trAρA ln ρA, given
by a reduced density matrix of the subsystem ρA = trBρA∪B, where ρA∪B is the density
matrix of a total system A∪B. This von Neumann entropy can be obtained from the Renyi
entropy SRE = 11−ntrAρnA as follows [34–39]
SEE(zf ) = lim
n→1
1
1− ntrAρ
n
A = lim
n→1
lnZn(zf )− n lnZ1(zf )
1− n
= − [∂nZn(zf )]n=1
Z1(zf )
+ lnZ1(zf ). (5.1)
Here, Z1(zf ) is the partition function of the emergent holographic dual description with an
IR cutoff zf , defined in the Riemann geometry without a conical singularity and given by
the D-dimensional metric of ds2 = dr2 + r2dθ2 + δijdxi⊥dx
j
⊥ with i & j = 2, . . . , D − 1.
For simplicity, we do not consider the self-interactions in the channel of energy-momentum
tensor-currents. Then, the partition function is given by
Z1(zf ) =
∫
Dφα(x)Dϕ(x, z)Dgµν(x, z)δ
(
gµν(x, 0)− gµνB
)
× δ
(
∂zg
µν(x, z)− 1
2dz
gµν
′
(x, z)
(
∂ν′∂µ′Gxx′ [gµν(x, z), ϕ(x, z)]
)
x′→xg
µ′ν(x, z)
)
× exp
[
−
∫
dDx
√
g(x, zf )
{
gµν(x, zf )[∂µφα(x)][∂νφα(x)] + [m
2 − iϕ(x, zf )]φ2α(x)
}
−N
∫
dDx
√
g(x, 0)
{ 1
2u
(
ϕ(x, 0)− iξR(x, 0)
)2}
−N
∫ zf
0
dz
∫
dDx
√
g(x, z)
{
+
1
2u
[∂zϕ(x, z)]
2 +
Cϕ
2
gµν(x, z)[∂µϕ(x, z)][∂νϕ(x, z)] + CξR(x, z)[ϕ(x, z)]2
+
1
2κ
(
R(x, z)− 2Λ
)}]
. (5.2)
On the other hand, Zn(zf ) is the partition function of the emergent holographic dual
description with an IR cutoff zf , defined in the Riemann geometry with a conical singularity
and given by the D-dimensional metric of ds2 = dr2 + n2r2dθ2 + δijdxi⊥dx
j
⊥ with i & j =
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2, . . . , D − 1 [47]. It is given by
Zn(zf ) =
∫
Dφα(x)Dϕn(x, z)Dg
n
µν(x, z)δ
(
gµνn (x, 0)− gµνBn
)
× δ
(
∂zg
µν
n (x, z)−
1
2dz
gµν
′
n (x, z)
(
∂ν′∂µ′G
n
xx′ [g
n
µν(x, z), ϕn(x, z)]
)
x′→xg
µ′ν
n (x, z)
)
× exp
[
−
∫
dDx
√
gn(x, zf )
{
gµνn (x, zf )[∂µφα(x)][∂νφα(x)] + [m
2 − iϕn(x, zf )]φ2α(x)
}
−N
∫
dDx
√
gn(x, 0)
{ 1
2u
(
ϕn(x, 0)− iξRn(x, 0)
)2}
−N
∫ zf
0
dz
∫
dDx
√
gn(x, z)
{
+
1
2u
[∂zϕn(x, z)]
2 +
Cϕ
2
gµνn (x, z)[∂µϕn(x, z)][∂νϕn(x, z)] + CξRn(x, z)[ϕn(x, z)]2
+
1
2κ
(
Rn(x, z)− 2Λ
)}]
. (5.3)
Following this prescription, we find that the entanglement entropy is composed of two
pieces, given by
SEE(zf ) = SφαEE(zf ) + SGREE (zf ), (5.4)
where SφαEE(zf ) is the entanglement entropy from the matter sector at the IR cutoff z = zf
and SGREE (zf ) is that from the emergent geometry also at the IR cutoff z = zf .
It is straightforward to see that the matter contribution is [52]
SφαEE(zf ) =
∫
dD−2x⊥
∫ 2pi
0
dθ
∫ ∞
0
dr
√
g(r, x⊥, zf )
〈
T φαµν (r, x⊥, zf )
〉∂gµνn (r, x⊥, zf )
∂n
∣∣∣
n=1
− N
2
trxx′ ln
√
g(x, zf )
{
− 1√
g(x, zf )
∂µ
(√
g(x, zf )g
µν(x, zf )∂ν
)
+m2 − iϕ(x, zf )
}
.
(5.5)
Here, the energy-momentum tensor is given by
T φαµν (x, zf ) ≡
1√
g(x, zf )
∂
√
g(x, zf )Lφα [gµν(x, zf ), ϕ(x, zf )]
∂gµν(x, zf )
= −2(∂µφα(x))(∂νφα(x))
+ gµν(x, zf )
(
gµ
′ν′(x, zf )(∂µ′φα(x))(∂ν′φα(x)) + [m
2 − iϕ(x, zf )]φ2α(x)
)
,
(5.6)
where the effective Lagrangian for the matter sector is Lφα [gµν(x, zf ), ϕ(x, zf )] = gµν(x, zf )[∂µφα(x)][∂νφα(x)]+
[m2 − iϕ(x, zf )]φ2α(x). Inserting this energy-momentum tensor into the above expression,
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we obtain
SφαEE(zf ) =
N
∫
dD−2x⊥
∫ 2pi
0
dθ
∫ ∞
0
dr
√
g(r, x⊥, zf )
{
− 2(∂µ∂νG[x, x; gµν(x, zf ), ϕ(x, zf )])
+gµν(r, x⊥, zf )
(
gµ
′ν′(r, x⊥, zf )
(
∂µ′∂ν′G[x, x; gµν(x, zf ), ϕ(x, zf )]
)
+[m2 − iϕ(x, zf )]G[x, x; gµν(x, zf ), ϕ(x, zf )]
)}∂gµνn (r, x⊥, zf )
∂n
∣∣∣
n=1
−N
∫
dD−2x⊥
∫ 2pi
0
dθ
∫ ∞
0
dr
√
g(r, x⊥, zf )
{Cfϕ
2
gµν(r, x⊥, zf )[∂µϕ(r, x⊥, zf )][∂νϕ(r, x⊥, zf )]
+CfξR(r, x⊥, zf )[ϕ(r, x⊥, zf )]2 +
1
2κf
(
R(r, x⊥, zf )− 2Λf
)}
, (5.7)
where G[x, x′; gµν(x, zf ), ϕ(x, zf )] =
〈
1
N
∑N
α=1 φα(x)φα(x
′)
〉
is the Green’s function of the
original scalar fields at z = zf . Both the Klein-Gordon action and the induced Einstein-
Hilbert gravity action at z = zf in the last two lines result from the gradient expansion of
the last logarithmic term [43, 44] in Eq. (5.5).
The entanglement entropy from the classical geometry in the presence of dual scalar
fields is given by
SGREE (zf ) =
N
∫
dD−2x⊥
∫ 2pi
0
dθ
∫ ∞
0
dr
∫ zf
0
dz
√
g(r, x⊥, z) TGRµν (r, x⊥, z)
∂gµνn (r, x⊥, z)
∂n
∣∣∣
n=1
−N
∫
dD−2x⊥
∫ 2pi
0
dθ
∫ ∞
0
dr
∫ zf
0
dz
√
g(r, x⊥, z)
{ 1
2u
[∂zϕ(r, x⊥, z)]2
+
Cϕ
2
gµν(r, x⊥, z)[∂µϕ(r, x⊥, z)][∂νϕ(r, x⊥, z)] + CξR(r, x⊥, z)[ϕ(r, x⊥, z)]2
+
1
2κ
(
R(r, x⊥, z)− 2Λ
)}
. (5.8)
The energy-momentum tensor of the gravity sector is
TGRµν (x, z) ≡
1√
g(x, z)
∂
√
g(x, z)LGR[gµν(x, z), ϕ(x, z)]
∂gµν(x, z)
≡ T gµνµν (x, z) + Tϕµν(x, z),(5.9)
where the bulk Lagrangian in terms of bulk metric tensor and dual scalar fields is given by
LGR[gµν(x, z), ϕ(x, z)] = 1
2u
[∂zϕ(x, z)]
2 +
Cϕ
2
gµν(x, z)[∂µϕ(x, z)][∂νϕ(x, z)] + CξR(x, z)[ϕ(x, z)]2
+
1
2κ
(
R(x, z)− 2Λ
)
. (5.10)
As a result, the energy-momentum tensor of our classical gravity is [53]
2κT
gµν
µν (x, z) = −2
(
Rµν(x, z)− 1
2
gµν(x, z)R(x, z) + Λgµν(x, z)
)
+
1
g(x, z)
gµµ′(x, z)gνν′(x, z)∂µ′′∂ν′′
{
g(x, z)
(
gµ
′ν′(x, z)gµ
′′ν′′(x, z)− gµ′µ′′(x, z)gν′ν′′(x, z)
)}
,
(5.11)
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and that of the dual scalar field is
Tϕµν(x, z) = −
2
u
δµzδνz[∂zϕ(x, z)]
2 − 2(1− δµzδνz)Cϕ[∂µϕ(x, z)][∂νϕ(x, z)]
+ gµν(x, z)
(1
u
[∂zϕ(x, z)]
2 + Cϕgµ′ν′(x, z)[∂µ′ϕ(x, z)][∂ν′ϕ(x, z)]
)
− 2Cξ
(
Rµν − 1
2
gµνR
)
[ϕ(x, z)]2 + 2Cξ
(
gµν∂ρ∂
ρ − ∂µ∂ν
)
[ϕ(x, z)]2. (5.12)
5.2 Heat kernel method for entanglement entropy
To show the entanglement transfer from matter to geometry through recursive renormal-
ization group transformations, we need to simplify the entanglement-entropy formula of the
matter sector. Here, we review the entanglement-entropy formula based on the heat kernel
method [47]. An effective free energy on n-sheeted Riemann with a conical singularity can
be represented by
− lnZφαn (zf ) = −
N
2
∫ ∞
2
ds
s
trxx′K(s, x, x′; zf ), (5.13)
whereK(s, x, x′; zf ) ≡ 〈xzf |e−sD|x′zf 〉 is the corresponding heat kernel with the differential
operator D ≡ − 1√
g(x,zf )
∂µ
(√
g(x, zf )g
µν(x, zf )∂ν
)
+m2. For the time being, we consider
the case of a constant mass, given by m2 − iϕ(x, zf ) =⇒ m2. This heat kernel satisfies
an effective heat-diffusion equation (∂s + D)K(s, x, x′; zf ) = 0 with an initial condition
K(s = 0, x, x′; zf ) = 1√
g(x,zf )
δ(D)(x−x′) – this is the origin of the name of the heat kernel.
 is a UV cutoff to cure the UV divergence of the entanglement entropy, which will be
clarified below.
To deal with curvature integrals in the presence of a conical singularity, we need to un-
derstand the curvature structure of this geometry [47]. Let Eα be an α-fold Riemann sheet,
which covers a smooth manifold E along the Killing vector ∂θ. A codimension two surface
Σ is a stationary point (r = 0) of this isometry. Then, the space Eα is a direct product
near Σ (r = 0), given by Σ × Cα, where Cα is a two-dimensional cone with angle deficit
δ = 2pi(1 − α). In other words, the metric of Eα is ds2Eα = ds2Cα + ds2Σ, where the metric
of the two dimensional cone is ds2Cα = g
α
rr(r, x⊥, z)dr2 + gαθθ(r, x⊥, z)dθ
2 and the metric of
the codimension two surface is ds2Σ = γij(r, x⊥, z)dx
i
⊥dx
j
⊥ at a fixed renormalization group
scale z. Outside this singular surface Σ, Eα is reduced to the smooth manifold E, where
their curvature tensors coincide. On the other hand, the conical singularity at the surface
Σ gives rise to a singular contribution to the curvatures. Here, the positive integer n is
analytically continued to a real value α, which results from the abelian isometry generated
by the Killing vector ∂θ.
One may take an expansion for small s in the heat kernel, given by
trxx′KEα(s) =
1
(4pis)
d
2
∑
n=0
ans
n. (5.14)
Then, we have two types of coefficients in this expansion,
an = a
reg
n + a
Σ
n , (5.15)
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where aregn is a regular contribution resulting from the bulk and aΣn is a singular one coming
from the surface. Regular bulk coefficients are given by
areg0 =
∫
E
dDx
√
g(x, zf ),
areg1 =
∫
E
dDx
√
g(x, zf )
(1
6
R(x, zf )−m2
)
,
areg2 =
∫
E
dDx
√
g(x, zf )
{ 1
180
R2µναβ(x, zf )−
1
180
R2µν(x, zf )
+
1
6
1√
g(x, zf )
∂µ
(√
g(x, zf )g
µν(x, zf )∂ν
)(1
5
R(x, zf )−m2
)
+
1
2
(1
6
R(x, zf )−m2
)2}
,
(5.16)
for general curvature tensors [47]. On the other hand, singular surface coefficients are given
by [47]
aΣ0 = 0,
aΣ1 =
pi
3
(1− α)(1 + α)
α
∫
Σ(zf )
dD−2x⊥
√
γ(x, zf ),
aΣ2 =
pi
3
(1− α)(1 + α)
α
∫
Σ(zf )
dD−2x⊥
√
γ(x, zf )
(1
6
R(x, zf )−m2
)
− pi
180
(1− α)(1 + α)(1 + α2)
α3
∫
Σ(zf )
dD−2x⊥
√
γ(x, zf )
(
Rii(x, zf )− 2Rijij(x, zf )
)
.
(5.17)
We recall ds2Σ = γij(r, x⊥, z)dx
i
⊥dx
j
⊥.
Based on this general curvature formula from the heat kernel expansion, we obtain the
following expression of the entanglement entropy for the matter sector
SφαEE(zf ) = (α∂α − 1)[− lnZφα(α; zf )]
∣∣∣
α=1
≈ −N pi
6
1
(4pi)
D
2
{
(α∂α − 1)(1− α)(1 + α)
α
}
α=1
(∫ ∞
2
ds
s
s1−
D
2
){∫
Σ(zf )
dD−2x⊥
√
γ(x, zf )
}
.
(5.18)
This leading contribution results from the aΣ1 term in Eq. (5.17). Considering that the area
of the singular surface Σ(zf ) is given by
A[Σ(zf )] =
∫
Σ(zf )
dD−2x⊥
√
γ(x, zf ) (5.19)
at the renormalization group scale z = zf , we obtain the area law for the entanglement
entropy of the matter sector
SφαEE(zf ) ≈
N
6(D − 2)(4pi)D2 −1
A[Σ(zf )]
D−2
. (5.20)
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It is straightforward to see that this formula is reduced to the well known result in two
spacetime dimensions, given by
SφαEE(zf ) =
N
6
ln
ξ

. (5.21)
Here, ξ is the correlation length proportional to the inverse of the mass parameter m, which
appears from the introduction of an IR cutoff in the s−integral, given by ∫ ξ22 dss .
Now, we introduce inhomogeneity of the mass term into the above heat-kernel expan-
sion. Then, spacetime derivatives for ϕ(x, zf ) will appear in both expansion coefficients. As
far as a disordered phase is concerned, we speculate that this area law would be preserved.
It is an interesting question how ∂µϕ(x, zf ) modify the entanglement entropy of the matter
sector at quantum criticality. In this paper, we continue our discussions for the gapped
phase.
Finally, we obtain the total entanglement entropy at z = zf
SEE(zf ) = SφαEE(zf ) + SGREE (zf )
=
N
6(D − 2)(4pi)D2 −1
A[Σ(zf )]
D−2
+N
∫
dD−2x⊥
∫ 2pi
0
dθ
∫ ∞
0
dr
∫ zf
0
dz
√
g(r, x⊥, z)
×
(
Tϕµν(r, x⊥, z) + T
gµν
µν (r, x⊥, z)
) ∂gµνn (r, x⊥, z)
∂n
∣∣∣
n=1
−N
∫
dD−2x⊥
∫ 2pi
0
dθ
∫ ∞
0
dr
∫ zf
0
dz
√
g(r, x⊥, z)
{ 1
2u
[∂zϕ(r, x⊥, z)]2
+
Cϕ
2
gµν(r, x⊥, z)[∂µϕ(r, x⊥, z)][∂νϕ(r, x⊥, z)] + CξR(r, x⊥, z)[ϕ(r, x⊥, z)]2
+
1
2κ
(
R(r, x⊥, z)− 2Λ
)}
. (5.22)
In this formula we focus on the fact that the entanglement entropy of the matter sector
is given by the area of the subsystem at a fixed renormalization group scale z = zf while
that of the classical gravity part is given by the integral of the extra dimensional space.
If the emergent geometry is given by a cap in the extra dimensional space, the area of
the subsystem at a given z = zf vanishes beyond the cap in the extra dimensional space.
Instead, the entanglement entropy from the classical geometry is maximized. Actually, the
cap geometry has been realized when the corresponding quantum state is gapped [33, 48, 49].
Even if the resulting geometry is given by AdSD+1, the entanglement entropy is transferred
from quantum matter to classical gravity.
5.3 Invariance of entanglement entropy with respect to renormalization group
transformations
Since the partition function (5.3) has to be invariant with respect to recursive renormaliza-
tion group transformations, we obtain the following equation
∂zfSEE(zf ) = ∂zfSφαEE(zf ) + ∂zfSgµνEE (zf ) = 0 =⇒ SEE(zf ) = SφαEE(0). (5.23)
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In other words, the entanglement entropy is an invariant for renormalization group trans-
formations. Resorting to the full expression Eq. (5.22) of the entanglement entropy, we
reach the following identity
N
6(D − 2)(4pi)D2 −1
∂zfA[Σ(zf )]
D−2
+N
∫
dD−2x⊥
∫ 2pi
0
dθ
∫ ∞
0
dr
√
g(r, x⊥, zf )
(
Tϕµν(r, x⊥, zf ) + T
gµν
µν (r, x⊥, zf )
) ∂gµνn (r, x⊥, zf )
∂n
∣∣∣
n=1
−N
∫
dD−2x⊥
∫ 2pi
0
dθ
∫ ∞
0
dr
√
g(r, x⊥, zf )
{ 1
2u
[∂zϕ(r, x⊥, zf )]2
+
Cϕ
2
gµν(r, x⊥, zf )[∂µϕ(r, x⊥, zf )][∂νϕ(r, x⊥, zf )] + CξR(r, x⊥, zf )[ϕ(r, x⊥, zf )]2
+
1
2κ
(
R(r, x⊥, zf )− 2Λ
)}
= 0. (5.24)
We suspect that the bulk gravity contribution may be related with the holographic entan-
glement entropy of the Ryu-Takayanagi formula [36, 37]. In particular, one may express this
identity in terms of fully geometric information such as metric and curvature. In appendix
B, we discuss this identity further and verify the first iteration version of this identity.
6 Discussion
One may suggest an effective higher spin gauge theory as a dual holographic description of
the O(N) vector model, which has an infinite tower of higher-spin fields without hierarchy
in the spectrum [54–57]. Actually, we believe that this speculation would be realized if the
O(N) symmetry is taken into account appropriately. An idea how to introduce the role
of global symmetry into the present dual holographic description is turning on an external
gauge field which couples to the O(N)−symmetry conserved current. Here, the question is
how the internal or flavor symmetry can be uplifted into the gauge symmetry with higher
spins. Mixing between the internal symmetric space and the curved spacetime coordinate
has to occur for the higher spin gauge theory to be realized during the renormalization
group transformation. Indeed, the renormalization group transformation results in the
mixing between the flavor index and the spacetime coordinate.
We start from an O(N) vector model in a background curved spacetime metric gBµν ,
Z =
∫
Dφα exp
[
−
∫
dDx
√
gB
{
gµνB [∂µφα − (q/
√
N)Aextµαβφβ][∂νφα − (q/
√
N)Aextναγφγ ]
+m2φ2α + ξRBφ
2
α +
u
2N
φ2αφ
2
β
}]
, (6.1)
where the background O(N) gauge field has been introduced with an O(N) gauge charge
q. Under the local O(N) transformation for the matter field given by φα =⇒ Oαβφβ with
Oαβ ∈ O(N), the background O(N) gauge field transforms as follows
Aextµαβ =⇒ OαγAextµγδOTδβ + (q/
√
N)−1(∂µOαγ)OTγβ, (6.2)
where the classical action remains invariant.
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Together with the Hubbard-Stratonovich transformation to decompose the self-interaction
term, we rewrite the above path integral expression of the partition function in the following
way
Z =
∫
DφαDϕ
(0)Dg(0)µνDt
(0)
µνDA
(0)
µαβDJ
(0)
µαβ
exp
[
−
∫
dDx
√
g(0)
{
gµν(0)[∂µφα − (q/
√
N)A
(0)
µαβφβ][∂νφα − (q/
√
N)A(0)ναγφγ ]
+(m2 − iϕ(0))φ2α + ξR(0)φ2α +
N
2u
ϕ(0)2 −Nt(0)µν (gµν(0) − gµνB )−
1
N
J
µ(0)
αβ (A
(0)
µβα −Aextµβα)
}]
. (6.3)
t
(0)
µν and J
µ(0)
αβ are Lagrange multiplier fields to impose two initial conditions of g
µν(0) = gµνB
and A(0)µβα = A
ext
µβα, respectively.
Repeating exactly the same renormalization group transformation as discussed in sec-
tion 3, we obtain the following expression of the partition function
Z =
∫
DφαDϕ
(0)Dϕ(1)Dg(0)µνDt
(0)
µνDA
(0)
µαβDJ
(0)
µαβ exp
[
−
∫
dDx
√
g(0)
{
[(∂µI − (q/
√
N)A(0)µ )φ]α
(
gµν(0)Iαβ − gµγ(0)[(∂γI − (q/
√
N)A(0)γx )αα′
× (∂γ′I − (q/
√
N)A
(0)
γ′x′)α′β′G
(0)
β′βxx′ ]x′→xg
γ′ν(0)
)
[(∂νI − (q/
√
N)A(0)ν )φ]β
+ (m2 − iϕ(1)x )φ2αx +
N
2u
(
ϕ(0) − ie−β(0)dzξR(0)
)2
+ 2β(0)dz
N
2u
(ϕ(1) − ϕ(0)
2β(0)dz
)2
+ 2α(0)dzN
(
− CΛ + CRR(0) + Cϕ
2
gµν(0)(∂µϕ
(1))(∂νϕ
(1)) + CξR(0)ϕ(1)2 + q
2
N2
CFF (0)µν F µν(0)
+
q
N
Cmix(F µν(0))αα(∂µϕ(1))(∂νϕ(1))
)
−Nt(0)µν (gµν(0) − gµνB )−
1
N
J
µ(0)
αβ (A
(0)
µαβ −Aextµβα)
}]
. (6.4)
Here,∫
dDx
√
g(0)
{
2α(0)dzN
(
− CΛ + CRR(0) + Cϕ
2
gµν(0)(∂µϕ
(1))(∂νϕ
(1)) + CξR(0)ϕ(1)2
+
q2
N2
CFF (0)µν F µν(0) +
q
N
Cmix(F µν(0))αα(∂µϕ(1))(∂νϕ(1))
)}
results from the gradient expansion of [40, 43, 44]
−N
2
trxx′ ln
√
g(0)
{
− 1√
g(0)
[∂µI − (q/
√
N)A(0)µ ]
(√
g(0)gµν(0)[∂νI − (q/
√
N)A(0)ν ]
)
+
(m2 − iϕ(1)x )
2α(0)dz
I
}
,
given by the renormalization group transformation in the matter sector. The bold symbols
denote either the vector or matrix of the O(N) symmetric space. F µν(0) is the field strength
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tensor of the O(N) gauge field. The Green’s function is given by{
− 1√
g(0)
[∂µI − (q/
√
N)A(0)µ ]
(√
g(0)gµν(0)[∂νI − (q/
√
N)A(0)ν ]
)
+
(m2 − iϕ(1))
2α(0)dz
I
}
αβ
G
(0)
βγxx′
=
δαγ√
g(0)
δ(D)(x− x′). (6.5)
The upgrade rule has to be given by
[(∂µI − (q/
√
N)A(0)µ )φ]α
(
gµν(0)Iαβ − gµγ(0)[(∂γI − (q/
√
N)A(0)γx )αα′
×(∂γ′I − (q/
√
N)A
(0)
γ′x′)α′β′G
(0)
β′βxx′ ]x′→xg
γ′ν(0)
)
[(∂νI − (q/
√
N)A(0)ν )φ]β
=⇒ [(∂µI − (q/
√
N)A(1)µ )φ]α(g
µν(1))αβ[(∂νI − (q/
√
N)A(1)ν )φ]β (6.6)
for both O(N) gauge field and metric tensor. An essential feature is that the O(N) symmet-
ric space be intertwined with the spacetime coordinate in order to define the renormalization
group transformation appropriately. We believe that this mixing between spacetime and
internal symmetric space is the physical origin for the emergence of an effective higher spin
gauge theory as a dual holographic description of the O(N) vector model. Since this issue
has to be investigated more sincerely, we leave complete descriptions in the future research.
7 Conclusion
In the present study we tried to clarify the underlying physics of the dual holographic for-
mulation for quantum field theories as a non-perturbative description. We uncovered how
the emergent geometry takes into account the information of quantum entanglement. Let us
recapitulate the essential features of the dual holographic formulation. First, the infinitesi-
mal distance in the emergent extra dimensional space is identified with the renormalization
group scale in the recursive renormalization group transformation. Second, the IR boundary
condition describes the renormalization group β-functions of all the coupling parameters in
the corresponding quantum field theory. In particular, the IR boundary conditions given by
metric tensor fields are identified with the renormalization group equations of all interaction
vertices and that given by the scalar field is nothing but the Callan-Symanzik equation for
an order parameter field in the dual description. Finally, the bulk Einstein-Klein-Gordon
equation describes the entanglement transfer from quantum matter to classical geometry
in the large N limit, where N is the number of flavors of scalar fields.
The future direction in this line of research would be to solve the resulting coupled
equations of motion in the emergent curved spacetime with an extra dimension and to
show the appearance of hydrodynamic behaviors at IR, for example, calculating the ratio
η/s, where η is shear viscosity and s is thermodynamic entropy [58–61]. Recently, one of
the authors has investigated the Kondo effect based on this emergent geometric description
and was able to describe the crossover behavior around the Kondo temperature from the
UV local-moment fixed point to the IR local Fermi-liquid one in a non-perturbative way
[62]. The so-called holographic liquid state may serve as a novel quantum liquid beyond
the perturbation theoretical framework.
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A Emergent geometric description for a scalar lattice field theory in one
dimension
We start from the following one-dimensional lattice field theory
Z =
∫
DΦi exp
[
−
∫ β
0
dτ
M∑
i=1
{
(∂τΦi)
2 − t(ΦiΦi+1 + Φi+1Φi) +m2Φ2i +
u
2
Φ4i
}]
. (A.1)
Here, Φi is a real scalar field at site i. t is a hopping integral and m is a mass parameter.
u represents the strength of self-interactions between these scalar fields.
To implement recursive Kadanoff block-spin transformations [51] in this lattice field
theory, we uplift all coupling parameters into dynamical field variables as follows
Z =
∫
DΦiDϕ
(0)
i Dρ
(0)
i Ds
(0)
ii+1Dt
(0)
ii+1Dχ
(0)
i Dm
2(0)
i Dv
(0)
i Du
(0)
i
× exp
[
−
∫ β
0
dτ
M∑
i=1
{
(∂τΦi)
2 − t(0)ii+1(ΦiΦi+1 + Φi+1Φi) +m2(0)i Φ2i +
u
(0)
i
2
ρ
(0)2
i
+ iϕ
(0)
i (ρ
(0)
i − Φ2i ) + is(0)ii+1(t(0)ii+1 − t) + iχ(0)i (m2(0)i −m2) + iv(0)i (u(0)i − u)
}]
. (A.2)
Here, s(0)ii+1, χ
(0)
i , and v
(0)
i are Lagrange multiplier fields to impose each constraint for
hopping, mass, and self-interaction parameters, respectively. ϕ(0)i is a Lagrange multiplier
field to realize the Hubbard-Stratonovich transformation for the self-interaction channel.
Separating all dynamical fields at each site into those at even and odd sites, integrating
over all field variables in even sites, and rescaling to return the lattice to the original one,
we obtain an effective lattice field theory with renormalized hopping, mass, self-interaction,
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and dual scalar fields as follows
Z =
∫
DΦiDϕ
(0)
i Dρ
(0)
i Ds
(0)
ii+1Dt
(0)
ii+1Dχ
(0)
i Dm
2(0)
i Dv
(0)
i Du
(0)
i
× exp
[
− 1
4
M∑
i=1
trττ ′ ln
(
− ∂2τ +m2(0)i
)
−
∫ β
0
dτ
M∑
i=1
{
(∂τΦi)
2 +
(
m
2(0)
i −
2m
2(0)
i t
(0)2
ii+1
2m
4(0)
i + u
(0)
i
)
Φ2i − iϕ(0)i Φ2i
+
u
(0)
i
2
ρ
(0)2
i + iϕ
(0)
i ρ
(0)
i + is
(0)
ii+1(t
(0)
ii+1 − t) + iχ(0)i (m2(0)i −m2) + iv(0)i (u(0)i − u)
}
−
∫ β
0
dτ
M∑
i=1
{
− t
(0)2
ii+1
2m
4(0)
i + u
(0)
i
{
m
2(0)
i −
u
(0)
i t
(0)2
ii+1
m
4(0)
i
(
Φ2i + Φ
2
i+1
)}(
ΦiΦi+1 + Φi+1Φi
)
+
u
(0)
i
2m
4(0)
i + u
(0)
i
{ t(0)4ii+1
m
4(0)
i
Φ4i + 3
t
(0)4
ii+1
m
4(0)
i
Φ2iΦ
2
i+1
}
+
1
16m
4(0)
i
( 1
u
(0)
i
+
1
2m
4(0)
i
)−1}]
.
(A.3)
To prepare for the second renormalization group transformation, we rewrite this parti-
tion function in terms of updated coupling fields in the following way
Z =
∫
DΦiDϕ
(0)
i Dρ
(0)
i Ds
(0)
ii+1Dt
(0)
ii+1Dχ
(0)
i Dm
2(0)
i Dv
(0)
i Du
(0)
i
×Dϕ(1)i Dρ(1)i Ds(1)ii+1Dt(1)ii+1Dχ(1)i Dm2(1)i Dv(1)i Du(1)i
× exp
[
− 1
4
M∑
i=1
trττ ′ ln
(
− ∂2τ +m2(0)i
)
−
∫ β
0
dτ
M∑
i=1
{
(∂τΦi)
2 +m
2(1)
i Φ
2
i − iϕ(0)i Φ2i − t(1)ii+1
(
ΦiΦi+1 + Φi+1Φi
)
+
u
(0)
i
2
ρ
(0)2
i + iϕ
(0)
i ρ
(0)
i + is
(0)
ii+1(t
(0)
ii+1 − t) + iχ(0)i (m2(0)i −m2) + iv(0)i (u(0)i − u)
+
u
(1)
i
2
(
ρ
(1)2
i + 3ρ
(1)
i ρ
(1)
i+1
)
+ iϕ
(1)
i (ρ
(1)
i − Φ2i ) + is(1)ii+1
[
t
(1)
ii+1 −
t
(0)2
ii+1
2m
4(0)
i + u
(0)
i
{
m
2(0)
i −
u
(0)
i t
(0)2
ii+1
m
4(0)
i
(
ρ
(1)
i + ρ
(1)
i+1
)}]
+ iχ
(1)
i
{
m
2(1)
i −
(
m
2(0)
i −
2m
2(0)
i t
(0)2
ii+1
2m
4(0)
i + u
(0)
i
)}
+ iv
(1)
i
(
u
(1)
i −
2u
(0)
i t
(0)4
ii+1
m
4(0)
i (2m
4(0)
i + u
(0)
i )
)
+
1
16m
4(0)
i
( 1
u
(0)
i
+
1
2m
4(0)
i
)−1}]
. (A.4)
Here, s(1)ii+1, χ
(1)
i , and v
(1)
i are Lagrange multiplier fields to impose the renormalization
group flow equations for hopping, mass, and self-interaction fields, respectively. ϕ(1)i is
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a Lagrange multiplier field to realize the Hubbard-Stratonovich transformation for newly
generated effective interactions.
Shifting ϕ(1)i as
ϕ
(1)
i =⇒ ϕ(1)i − ϕ(0)i (A.5)
and keeping only local interactions in the sense of the gradient expansion, we obtain
Z =
∫
DΦiDϕ
(0)
i Dρ
(0)
i Ds
(0)
ii+1Dt
(0)
ii+1Dχ
(0)
i Dm
2(0)
i Dv
(0)
i Du
(0)
i
×Dϕ(1)i Dρ(1)i Ds(1)ii+1Dt(1)ii+1Dχ(1)i Dm2(1)i Dv(1)i Du(1)i
× exp
[
− 1
4
M∑
i=1
trττ ′ ln
(
− ∂2τ +m2(0)i
)
−
∫ β
0
dτ
M∑
i=1
{
(∂τΦi)
2 +m
2(1)
i Φ
2
i − iϕ(1)i Φ2i − t(1)ii+1
(
ΦiΦi+1 + Φi+1Φi
)
+
u
(0)
i
2
ρ
(0)2
i + iϕ
(0)
i ρ
(0)
i + is
(0)
ii+1(t
(0)
ii+1 − t) + iχ(0)i (m2(0)i −m2) + iv(0)i (u(0)i − u)
+
u
(1)
i
2
ρ
(1)2
i + iρ
(1)
i (ϕ
(1)
i − ϕ(0)i )
+ is
(1)
ii+1
{
t
(1)
ii+1 −
t
(0)2
ii+1
2m
4(0)
i + u
(0)
i
(
m
2(0)
i −
2u
(0)
i t
(0)2
ii+1
m
4(0)
i
ρ
(1)
i
)}
+ iχ
(1)
i
{
m
2(1)
i −
(
m
2(0)
i −
2m
2(0)
i t
(0)2
ii+1
2m
4(0)
i + u
(0)
i
)}
+ iv
(1)
i
(
u
(1)
i −
u
(0)
i t
(0)4
ii+1
2m
4(0)
i (2m
4(0)
i + u
(0)
i )
)
+
1
16m
4(0)
i
( 1
u
(0)
i
+
1
2m
4(0)
i
)−1}]
. (A.6)
This completes the first renormalization group transformation.
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It is straightforward to extend this expression in a recursive way, given by
Z =
∫
DΦiΠ
f
l=0Dϕ
(l)
i Dρ
(l)
i Ds
(l)
ii+1Dt
(l)
ii+1Dχ
(l)
i Dm
2(l)
i Dv
(l)
i Du
(l)
i
exp
[
− 1
4
f∑
l=1
M∑
i=1
trττ ′ ln
(
− ∂2τ +m2(l−1)i
)
−
∫ β
0
dτ
M∑
i=1
{
(∂τΦi)
2 +m
2(f)
i Φ
2
i − iϕ(f)i Φ2i − t(f)ii+1
(
ΦiΦi+1 + Φi+1Φi
)
+
u
(0)
i
2
ρ
(0)2
i + iϕ
(0)
i ρ
(0)
i + is
(0)
ii+1(t
(0)
ii+1 − t) + iχ(0)i (m2(0)i −m2) + iv(0)i (u(0)i − u)
+
f∑
l=1
[u(l)i
2
ρ
(l)2
i + iρ
(l)
i (ϕ
(l)
i − ϕ(l−1)i )
+ is
(l)
ii+1
{
t
(l)
ii+1 −
t
(l−1)2
ii+1
2m
4(l−1)
i + u
(l−1)
i
(
m
2(l−1)
i −
2u
(l−1)
i t
(l−1)2
ii+1
m
4(l−1)
i
ρ
(l)
i
)}
+ iχ
(l)
i
{
m
2(l)
i −
(
m
2(l−1)
i −
2m
2(l−1)
i t
(l−1)2
ii+1
2m
4(l−1)
i + u
(l−1)
i
)}
+ iv
(l)
i
(
u
(l)
i −
u
(l−1)
i t
(l−1)4
ii+1
2m
4(l−1)
i (2m
4(l−1)
i + u
(l−1)
i )
)
+
1
16m
4(l−1)
i
( 1
u
(l−1)
i
+
1
2m
4(l−1)
i
)−1]}]
.
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Resorting to
a
f∑
l=1
=⇒
∫ zf
0
dz (A.8)
and
ϕ
(l)
i − ϕ(l−1)i
a
=⇒ ∂zϕ(i, τ, z), (A.9)
where a is a scale for the renormalization group transformation, we rewrite the above
partition function in the following way
Z =
∫
DΦ(i, τ)
∫
Dϕ(i, τ, z)Dρ(i, τ, z)
×
∫
Ds(i, i+ 1, τ, z)Dt(i, i+ 1, τ, z)Dχ(i, τ, z)Dm2(i, τ, z)Dv(i, τ, z)Du(i, τ, z)
× exp
{
− SIR − SUV − SBulk
}
. (A.10)
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Here, both IR and UV effective action are given by
SIR + SUV =
∫ β
0
dτ
M∑
i=1
{(
∂τΦ(i, τ)
)2
+m2(i, τ, zf )[Φ(i, τ)]
2 − iϕ(i, τ, zf )[Φ(i, τ)]2
− t(i, i+ 1, τ, zf )
(
Φ(i, τ)Φ(i+ 1, τ) + Φ(i+ 1, τ)Φ(i, τ)
)
+
u(i, τ, 0)
2
[ρ(i, τ, 0)]2 + iϕ(i, τ, 0)ρ(i, τ, 0)
+ is(i, i+ 1, τ, 0)
(
t(i, i+ 1, τ, 0)− t
)
+ iχ(i, τ, 0)
(
m2(i, τ, 0)−m2
)
+ iv(i, τ, 0)
(
u(i, τ, 0)− u
)}
.
(A.11)
The bulk effective action is
SBulk =
∫ zf
0
dz
∫ β
0
dτ
M∑
i=1
{
u(i, τ, z)
2a
[ρ(i, τ, z)]2 + iρ(i, τ, z)∂zϕ(i, τ, z)
+is(i, i+ 1, τ, z)
{
∂zt(i, i+ 1, τ, z) +
1
a
t(i, i+ 1, τ, z)
− [t(i, i+ 1, τ, z)]
2
a
(
2[m2(i, τ, z)]2 + u(i, τ, z)
)(m2(i, τ, z)− 2u(i, τ, z)[t(i, i+ 1, τ, z)]2
[m2(i, τ, z)]2
ρ(i, τ, z)
)}
+iχ(i, τ, z)
{
∂zm
2(i, τ, z) +
2m2(i, τ, z)[t(i, i+ 1, τ, z)]2
a
(
2[m2(i, τ, z)]2 + u(i, τ, z)
)}
+iv(i, τ, z)
(
∂zu(i, τ, z) +
1
a
u(i, τ, z)− u(i, τ, z)[t(i, i+ 1, τ, z)]
4
2a[m2(i, τ, z)]2
(
2[m2(i, τ, z)]2 + u(i, τ, z)
))
+
u(i, τ, z)
8a
(
2[m2(i, τ, z)]2 + u(i, τ, z)
) + 1
4a
ln
(
− ∂2τ +m2(i, τ, z)
)}
. (A.12)
Performing Gaussian integrals for ρ(i, τ, z), s(i, i+ 1, τ, z), χ(i, τ, z), and v(i, τ, z), one
can further simplify these expressions as
Z =
∫
DΦ(i, τ)Dϕ(i, τ, z)Dt(i, i+ 1, τ, z)Dm2(i, τ, z)Du(i, τ, z)
× δ
(
t(i, i+ 1, τ, 0)− t
)
δ
(
m2(i, τ, 0)−m2
)
δ
(
u(i, τ, 0)− u
)
× δ
(
∂zm
2(i, τ, z) +
2m2(i, τ, z)[t(i, i+ 1, τ, z)]2
a
(
2[m2(i, τ, z)]2 + u(i, τ, z)
))
× δ
(
∂zu(i, τ, z) +
1
a
u(i, τ, z)− u(i, τ, z)[t(i, i+ 1, τ, z)]
4
2a[m2(i, τ, z)]2
(
2[m2(i, τ, z)]2 + u(i, τ, z)
))
× exp
{
− SIR − SUV − SBulk
}
. (A.13)
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Both IR and UV effective actions are given by
SIR + SUV =
∫ β
0
dτ
M∑
i=1
{(
∂τΦ(i, τ)
)2
+m2(i, τ, zf )[Φ(i, τ)]
2 − iϕ(i, τ, zf )[Φ(i, τ)]2
− t(i, i+ 1, τ, zf )
(
Φ(i, τ)Φ(i+ 1, τ) + Φ(i+ 1, τ)Φ(i, τ)
)
+
1
2u(i, τ, 0)
[ϕ(i, τ, 0)]2
}
(A.14)
and the bulk effective action is
SBulk =
∫ zf
0
dz
∫ β
0
dτ
M∑
i=1
{
3a
8u(i, τ, z)
[∂zϕ(i, τ, z)]
2
+
a[m2(i, τ, z)]4
(
2[m2(i, τ, z)]2 + u(i, τ, z)
)2
8u(i, τ, z)[t(i, i+ 1, τ, z)]8
×
{
∂zt(i, i+ 1, τ, z) +
1
a
t(i, i+ 1, τ, z)− m
2(i, τ, z)[t(i, i+ 1, τ, z)]2
a
(
2[m2(i, τ, z)]2 + u(i, τ, z)
)}2
+
a[m2(i, τ, z)]2
(
2[m2(i, τ, z)]2 + u(i, τ, z)
)
8u(i, τ, z)[t(i, i+ 1, τ, z)]4
(
− i∂zϕ(i, τ, z)
)
×
{
∂zt(i, i+ 1, τ, z) +
1
a
t(i, i+ 1, τ, z)− m
2(i, τ, z)[t(i, i+ 1, τ, z)]2
a
(
2[m2(i, τ, z)]2 + u(i, τ, z)
)}
+
u(i, τ, z)
8a
(
2[m2(i, τ, z)]2 + u(i, τ, z)
) + 1
4a
ln
(
− ∂2τ +m2(i, τ, z)
)}
. (A.15)
For the presentation and as a natural approximation, we take a uniform ansatz in the
following way
Z =
∫
DΦ(i, τ)Dϕ(z)Dt(z)Dm2(z)Du(z)δ
(
t(0)− t
)
δ
(
m2(0)−m2
)
δ
(
u(0)− u
)
×δ
(
∂zm
2(z) +
2m2(z)[t(z)]2
a
(
2[m2(z)]2 + u(z)
))δ(∂zu(z) + 1
a
u(z)− u(z)[t(z)]
4
2a[m2(z)]2
(
2[m2(z)]2 + u(z)
))
× exp
{
− SIR − SUV − SBulk
}
, (A.16)
where the IR and UV effective actions are
SIR + SUV =
∫ β
0
dτ
M∑
i=1
{(
∂τΦ(i, τ)
)2
+m2(zf )[Φ(i, τ)]
2 − iϕ(zf )[Φ(i, τ)]2
−t(zf )
(
Φ(i, τ)Φ(i+ 1, τ) + Φ(i+ 1, τ)Φ(i, τ)
)
+
1
2u(0)
[ϕ(0)]2
}
(A.17)
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and the bulk effective action is
SBulk = βM
∫ zf
0
dz
{
3a
8u(z)
[∂zϕ(z)]
2
+
a[m2(z)]4
(
2[m2(z)]2 + u(z)
)2
8u(z)[t(z)]8
{
∂zt(z) +
1
a
t(z)− m
2(z)[t(z)]2
a
(
2[m2(z)]2 + u(z)
)}2
+
a[m2(z)]2
(
2[m2(z)]2 + u(z)
)
8u(z)[t(z)]4
(
− i∂zϕ(z)
){
∂zt(z) +
1
a
t(z)− m
2(z)[t(z)]2
a
(
2[m2(z)]2 + u(z)
)}
+
u(z)
8a
(
2[m2(z)]2 + u(z)
) + 1
4a
1
β
∑
iωn
ln
(
ω2n +m
2(z)
)}
. (A.18)
Finally, we perform the mean-field analysis, where quantum fluctuations of ϕ(z) and
t(z) are neglected to be their saddle-point values. Considering
ϕ(z) =⇒ −iϕ(z) (A.19)
for real saddle-point values in ϕ(z), we obtain the mean-field free-energy functional for ϕ(z)
and t(z)
1
M
F [ϕ(z), t(z); zf ] =
1
2β
∑
iωn
1
M
∑
q
ln
{
ω2n − 2t(zf ) cos q +m2(zf )− ϕ(zf )
}
− 1
2u(0)
[ϕ(0)]2
+
∫ zf
0
dz
{
− 3a
8u(z)
[∂zϕ(z)]
2
+
a[m2(z)]4
(
2[m2(z)]2 + u(z)
)2
8u(z)[t(z)]8
{
∂zt(z) +
1
a
t(z)− m
2(z)[t(z)]2
a
(
2[m2(z)]2 + u(z)
)}2
−
a[m2(z)]2
(
2[m2(z)]2 + u(z)
)
8u(z)[t(z)]4
(
∂zϕ(z)
){
∂zt(z) +
1
a
t(z)− m
2(z)[t(z)]2
a
(
2[m2(z)]2 + u(z)
)}
+
u(z)
8a
(
2[m2(z)]2 + u(z)
) + 1
4a
1
β
∑
iωn
ln
(
ω2n +m
2(z)
)}
. (A.20)
The renormalization group equation for the mass parameter is
∂zm
2(z) = − 2m
2(z)[t(z)]2
a
(
2[m2(z)]2 + u(z)
) (A.21)
and that for the interaction vertex is
∂zu(z) = −1
a
u(z) +
u(z)[t(z)]4
2a[m2(z)]2
(
2[m2(z)]2 + u(z)
) . (A.22)
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Minimizing this free-energy functional with respect to both ϕ(z) and t(z), we obtain their
equations of motion, given by the second-order derivatives in the coordinate of the extra
dimensional space. On the other hand, their IR boundary conditions are given by the
linear derivatives in z, corresponding to the renormalization group equation for the hopping
integral and the Callan-Symanzik equation for the order parameter field, respectively.
B Further developments for the invariance of entanglement entropy with
respect to renormalization group transformations
B.1 An identity for entanglement entropy at z = zf
Resorting to the evolution equation for the metric tensor along the extra-dimensional space,
we rewrite the area law of the matter sector at z = zf in terms of the Green’s function as
follows
∂zfA[Σ(zf )] =
∫
Σ(zf )
dD−2x⊥∂zf
√
γ(x, zf )
=
1
2
∫
Σ(zf )
dD−2x⊥
√
γ(x, zf )γ
ij(x, zf )∂zfγij(x, zf )
= − 1
4dz
∫
Σ(zf )
dD−2x⊥
√
γ(x, zf )γ
ij(x, zf )
(
∂i∂jG[x, x; gµν(x, zf )]
)
. (B.1)
We recall that the Green’s function is given by
{
− 1√
g(x, zf )
∂µ
(√
g(x, zf )g
µν(x, zf )∂ν
)
+
m2
e2dz − 1
}
G[x, x′; gµν(x, zf )]
=
1√
g(x, zf )
δ(D)(x− x′). (B.2)
One can reformulate this Green’s function in terms of the geometric information such
as metric and curvature, considering the heat kernel expansion. Introducing the heat kernel
K(s, x, x′; z) ≡ 〈xz|e−sD|x′z〉 with the differential operatorD ≡ − 1√
g(x,z)
∂µ
(√
g(x, z)gµν(x, z)∂ν
)
+
m2
e2dz−1 , which satisfies the diffusion equation (∂s +D)K(s, x, x′; z) = 0 with an initial con-
dition K(s = 0, x, x′; z) = 1√
g(x,z)
δ(D)(x− x′), we obtain
G(x, x′; z) =
∫ ∞
2
ds K(s, x, x′; z). (B.3)
Here,  is a UV cutoff to cure the UV divergence of the entanglement entropy, introduced
in subsection 5.2. As discussed in the heat-kernel expansion Eq. (5.14), we express the
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Green’s function in terms of the metric and curvature at z = zf as
G(x, x; zf ) =
∫ ∞
2
ds K(s, x, x; zf ) =
∫ ∞
2
ds
∞∑
n=0
an(x, zf )s
n−D
2
=
∫ ∞
2
ds
{
a0(x, zf )s
−D
2 + a2(x, zf )s
2−D
2 + a4(x, zf )s
4−D
2 + . . .
}
=
∫ ∞
2
ds
1
(4pi)
D
2
[
s−
D
2 +
(1
6
R(x, zf )− m
2
e2dz − 1
)
s
2−D
2
+
{ 1
180
R2µναβ(x, zf )−
1
180
R2µν(x, zf )
+
1
6
1√
g(x, zf )
∂µ
(√
g(x, zf )g
µν(x, zf )∂ν
)(1
5
R(x, zf )− m
2
e2dz − 1
)
+
1
2
(1
6
R(x, zf )− m
2
e2dz − 1
)2}
s
4−D
2 + . . .
]
. (B.4)
Inserting this expression into Eq. (B.1), we obtain
∂zfA[Σ(zf )] =
− 1
4dz
(
1
(4pi)
D
2
∫ ∞
2
ds s
2−D
2
)∫
Σ(zf )
dD−2x⊥
√
γ(x, zf )γ
ij(x, zf )∂i∂j
(1
6
R(x, zf )− m
2
e2dz − 1
)
− 1
4dz
(
1
(4pi)
D
2
∫ ∞
2
ds s
4−D
2
)∫
Σ(zf )
dD−2x⊥
√
γ(x, zf )γ
ij(x, zf )
× ∂i∂j
{ 1
180
R2µναβ(x, zf )−
1
180
R2µν(x, zf )
+
1
6
1√
g(x, zf )
∂µ
(√
g(x, zf )g
µν(x, zf )∂ν
)(1
5
R(x, zf )− m
2
e2dz − 1
)
+
1
2
(1
6
R(x, zf )− m
2
e2dz − 1
)2}
. (B.5)
Combining this expression with that of the gravity sector, we reach the following identity
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for the entanglement entropy
N
6(D − 2)(4pi)D2 −1
1
D−2
1
4dz
1
(4pi)
D
2
∫
Σ(zf )
dD−2x⊥
√
γ(x, zf )γ
ij(x, zf )
[
−
(∫ ∞
2
ds s
2−D
2
)
∂i∂j
(1
6
R(x, zf )− m
2
e2dz − 1
)
−
(∫ ∞
2
ds s
4−D
2
)
∂i∂j
{ 1
180
R2µναβ(x, zf )−
1
180
R2µν(x, zf )
+
1
6
1√
g(x, zf )
∂µ
(√
g(x, zf )g
µν(x, zf )∂ν
)(1
5
R(x, zf )− m
2
e2dz − 1
)
+
1
2
(1
6
R(x, zf )− m
2
e2dz − 1
)2}]
+N
∫
dD−2x⊥
∫ 2pi
0
dθ
∫ ∞
0
dr
√
g(r, x⊥, zf )
[(
Tϕµν(r, x⊥, zf ) + T
gµν
µν (r, x⊥, zf )
) ∂gµνn (r, x⊥, zf )
∂n
∣∣∣
n=1
−
{ 1
2u
[∂zϕ(r, x⊥, zf )]2 +
Cϕ
2
gµν(r, x⊥, zf )[∂µϕ(r, x⊥, zf )][∂νϕ(r, x⊥, zf )] + CξR(r, x⊥, zf )[ϕ(r, x⊥, zf )]2
+
1
2κ
(
R(r, x⊥, zf )− 2Λ
)}]
= 0. (B.6)
We point out that both integrals of
∫∞
2 ds s
(2−D)/2 and
∫∞
2 ds s
(4−D)/2 diverge for large s.
Existence of these IR divergences may be an artifact of the small s−expansion. One may
introduce the correlation length into the upper cutoff of these integrals as
∫ ξ2
2 ds s
(2−D)/2
and
∫ ξ2
2 ds s
(4−D)/2. We recall that this IR cutoff reproduces the entanglement entropy in
D = 2, as shown in Eq. (5.21). Now, the identity is expressed in a fully geometric way.
B.2 Entanglement entropy after the first iteration
While it is written in terms of all the geometrical information, it is not clear how to interpret
the above lengthy expression. In addition, it is not easy to check out this identity in a brute
force way. In this respect we consider the entanglement entropy after the first iteration of
the renormalization group transformation and verify the invariance explicitly for the case
without all types of interactions.
We recall the partition function after the renormalization group transformation
Z(1) =
∫
DφαDg
(1)
µν δ
(
g(1)µν − gµνB − gµν
′
B (∂ν′∂µ′Gxx′)x′→xg
µ′ν
B
)
× exp
[
−
∫
dDx
√
g(1)
{
g(1)µν(∂µφα)(∂νφα) +m
2φ2α
}
− N
2κ
∫
dDx
√
gB
(
RB − 2Λ
)]
,
(B.7)
where the coefficients of the gravity action are 2dzCR = 12κ and CΛCR = 2Λ. Then, the
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entanglement entropy is
S(1)EE =
N
6(D − 2)(4pi)D2 −1
1
D−2
∫
Σ(1)
dD−2x⊥
√
g
(1)
⊥ (x)
+
N
2κ
∫
dD−2x⊥
∫ 2pi
0
dθ
∫ ∞
0
dr
√
gB(x)
[
− 2
(
RBµν(x)−
1
2
gBµν(x)RB(x) + Λg
B
µν(x)
)
+
1
gB(x)
gBµµ′(x)g
B
νν′(x)∂µ′′∂ν′′
{
gB(x)
(
gµ
′ν′
B (x)g
µ′′ν′′
B (x)− gµ
′µ′′
B (x)g
ν′ν′′
B (x)
)}]∂gµνBn(r, x⊥)
∂n
∣∣∣
n=1
−N
2κ
∫
dD−2x⊥
∫ 2pi
0
dθ
∫ ∞
0
dr
√
gB(x)
(
RB(x)− 2Λ
)
. (B.8)
This entanglement entropy has to be identified with
SEE = N
6(D − 2)(4pi)D2 −1
1
D−2
∫
ΣB
dD−2x⊥
√
gB⊥(x). (B.9)
In other words, we have
SEE = S(1)EE . (B.10)
As a result, we have to obtain
N
6(D − 2)(4pi)D2 −1
1
D−2
(∫
ΣB
dD−2x⊥
√
gB⊥(x)−
∫
Σ(1)
dD−2x⊥
√
g
(1)
⊥ (x)
)
=
N
2κ
∫
dD−2x⊥
∫ 2pi
0
dθ
∫ ∞
0
dr
√
gB(x)
[
− 2
(
RBµν(x)−
1
2
gBµν(x)RB(x) + Λg
B
µν(x)
)
+
1
gB(x)
gBµµ′(x)g
B
νν′(x)∂µ′′∂ν′′
{
gB(x)
(
gµ
′ν′
B (x)g
µ′′ν′′
B (x)− gµ
′µ′′
B (x)g
ν′ν′′
B (x)
)}]∂gµνBn(r, x⊥)
∂n
∣∣∣
n=1
−N
2κ
∫
dD−2x⊥
∫ 2pi
0
dθ
∫ ∞
0
dr
√
gB(x)
(
RB(x)− 2Λ
)
. (B.11)
Recalling the evolution equation of
g(1)µν(x) = gµνB (x) + g
µν′
B (x)(∂ν′∂µ′Gxx′)x′→xg
µ′ν
B (x), (B.12)
we obtain √
g(1)(x) =
√
gB(x)
{
1− 1
2
gµνB (x)(∂µ∂νGxx′)x′→x
}
. (B.13)
As a result, we have∫
ΣB
dD−2x⊥
√
gB⊥(x)−
∫
Σ(1)
dD−2x⊥
√
g
(1)
⊥ (x)
=
1
2
∫
ΣB
dD−2x⊥
√
gB⊥(x)g
µν
B⊥(x)(∂µ∂νGxx′)x′→x. (B.14)
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The final equation to be verified is
N
6(D − 2)(4pi)D2 −1
1
2D−2
∫
ΣB
dD−2x⊥
√
gB⊥(x)g
µν
B⊥(x)(∂µ∂νGxx′)x′→x
=
N
2κ
∫
dD−2x⊥
∫ 2pi
0
dθ
∫ ∞
0
dr
√
gB(x)
[
− 2
(
RBµν(x)−
1
2
gBµν(x)RB(x) + Λg
B
µν(x)
)
+
1
gB(x)
gBµµ′(x)g
B
νν′(x)∂µ′′∂ν′′
{
gB(x)
(
gµ
′ν′
B (x)g
µ′′ν′′
B (x)− gµ
′µ′′
B (x)g
ν′ν′′
B (x)
)}]∂gµνBn(r, x⊥)
∂n
∣∣∣
n=1
−N
2κ
∫
dD−2x⊥
∫ 2pi
0
dθ
∫ ∞
0
dr
√
gB(x)
(
RB(x)− 2Λ
)
. (B.15)
Here, the background metric is
ds2 = dr2 + r2dθ2 + δijdx
i
⊥dx
j
⊥, g
B
rr = 1, g
B
θθ = r
2, gB⊥ij = δij ,
√
gB = r(B.16)
with
∂gµνBn(r, x⊥)
∂n
∣∣∣
n=1
= 2r2δµθδνθ (B.17)
and the Green’s function is [34, 35]
Gxx′ ≡ G(r, r′, θ, θ′, x⊥ − x′⊥)
=
∫
dD−2p⊥
(2pi)D−2
eip⊥(x⊥−x
′
⊥)
1
2pi
∞∑
k=0
dk
∫ ∞
0
dλλ
Jk(λr)Jk(λr
′)
p2⊥ + λ2 +m2/(e2dz − 1)
cos k(θ − θ′) (B.18)
with
d0 = 1, dk>0 = 2. (B.19)
Inserting this Green’s function into Eq. (B.15), the left-hand-side of this equation is written
in terms of  and m with ΣB. On the other hand, the right-hand-side of this equation is
given by κ and Λ with a UV cutoff in the r integral. As a result, renormalizing both
coefficients of κ and Λ appropriately, one can verify this identity.
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